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AD VEf f KElff N T. 



The first edition of this work was intended chiefly as a Text-Book for the use 
of the students in the Belfast iNsmuTiow, when the Author was Professor 
of Mathematics in that establishment ; and it was therefore written, not as a 
i-egular and complete treatise on Trigonometry, but as an outUne to be fiUed up, 
and illustrated orally in the Lectures. It was received, however, by other 
I'eaders in a more favourable manner than the Author could have anticipated 
&om its nature and form ; and, in consequence of this, he has been induced, 
in the subsequent editions, to make various alterations, and, it is hoped, im- 
provements. The investigations, though still concise, are given at such length 
as to be easily understood by readers of ordinary talents and attainments ; 
and various interesting additions are introduced, some from the best recent 
works on the subject, and others that have occurred to the Author himself. 
Of the latter kind are the improvements in the numerical resolution of tri- 
angles, established in Nos. 6*1, 58, 73, and 74, and exemplified in Nos. 62, 63, 
and 110 ; which, with the modes of operation previously known, seem to render 
the subject as simple and easy as can be desired. In the present edition, also, 
a scholium of considerable interest will be found at the end of the third section : 
and the last four pages of the ninth section contain some curious propositions 
in Spherical Geometry, most of which the Author believes to be new. 
, It has been everywhere the aim of the Author, to comprise in a smaJl com- 
pass much useful and interesting matter; and, whatever may be the imper- 
fections of the work, he trusts that the person who shall make himself well 
acquainted with what it contains, will find it easy to acquire a knowledge of 
all that is yet known in Trigonometry, and to apply it in Astronomy, and 
other branches of science. 

In the present edition, the sines, tangents, &c. are defined as mere num- 
bers or ratios. This mode of representing them has been in use for some 
time in the University of Cambridge ; and it is attended with considerable 
advantage, particularly in the application of Trigonometry in Natural Phi- 
losophy. Should any persons prefer the common mode, they may have 
recourse to the Note at the end of the volume. 

Glasgow Coilege, Julyt 1844. 
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ELEMENTS OF TRIGONOMETRY.* 



I —GENERAL PRINCIPLES. 

1. Each of the four parts into which a circle is divided bj two dia-l 
n^eters intersecting each other at right angles, is called a qtiadrant 
If one of the four right angles be divided into 90 equal parts by radii 
of the circle, each of the parts is called a degree. The parts into 
which these radii divide the arc of the quadrant are (Euc. III. 27) 
all equal, and they are therefore called degrees of the circle. A 
sixtieth part of a degree is called a minute; and a sixtieth of a minute, 
a seccmd.f Degrees, minutes, and seconds are denoted by the charac- 
ters, «, ', ". 

2.^ It is proved by writers on geometry, that the circumferences of* "^ 
different circles are proportional to their radii ; and that, in the same 
circle, angles at the centre are proportional to the arcs on which they 
stand. Hence, if from the vertex of any angle A (Jig. 1) as centre, 
two circumferences BCD and B'C'D', be described, cutting one of 
the lines forming the angle in B and B', and the other in C and C, 
the ratio of the arc, BC, to its radius, AB, is equal to that of the 
other arc B'C to its radius AB'. This readily follows from the prin- 
ciples stated above : for, since, by No. 1, and Euc. I. 13, cor., all the 
angles about A amount to 360®, we have, by the second of those 
principles, 

BC A , B'C A ^ BC BC 

K^ 3.nd -_- = -_-; whence 7577^=^ 



BCD"~3t)Oo' B'C'D' 3t)Oo' """""" BCD*" B'^IK 



• Teigonometrt, in its primitive meaning, is that branch of mathematical 
science, which determines certain sides or angles of a triangle from others that 
are known. It is of two kinds, JHlane and Spherical: the former treating of 
triangles described on a plane ; and the latter, of those on the surface of a 
sphere. ^ The principles or trigonometry, however, are now of far more gene- 
ral application, fiimishing means of investigation in almost every branch of 
mathematics. 

t In some modem French works on mathematics, the centesimal division is 
adopted instead of the sexagesimal; the right angle, and consequently the qua- 
drant, being divided into 100 degrees; the degree, into 100 mmutes; and the 
minute, into 100 seconds. This division, however, is likely to fall into disuse. 

A 
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Z DEFINITIONS AND ILLUSTRATIONS. 

BCD BCD' 
Also, bj the first principle, we hare ■Tg'= ""aW" ' 

Multiply the members of this equation bj those of the preceding, and 

BC B'C 

there will be obtained — —- = — -—, which is the property above stated. 
AB AB V V J 

Hence, if we assume any radius, and call it r, and if we denote the 
corresponding arc bj 5, t will be always the same for the same angle, 
whatever may be the magnitude of r ;Qind since s, and consequently, 
- , is proportional to the angle, whatever may be its magnitude, - 

T X 

will be a correct measure of any angle whatever.*© 

3. If an angle be taken from a right angle, or an arc from a qua- 
drant, the remainder is called the complement of that arc or angle. 
From this it follows, that if an angle or arc exceed 90^, its comple- 
ment is negative. 

4. If an angle be taken from two right angles, or an arc from a 
semicircle, the remainder is called the supplement of the angle or arc. 

5. The straight line joining the extremities of an arc, is called its 
chord, 

6. If from the vertex of any angle A {fig, 2, 4, 5, or 6) a circle 
be described with any radius, cutting the lines forming the angle in 
two points, B and C, and through one of these points G, a straight 
Kne be drawn perpendicular to the other line AB, and cutting it in 
D; the ratio of the perpendicular CD to the radius AC, that is, the 
number obtained by dividing the perpendicular jby the radius, is called 
the sine of the angle A ; and if DB be divided by the radius, the 
quotient is called the versed sine of the same angle. These, for 
the sake of abbreviation, are written sin A, and versin A, or vs A. 
Hence, calling the radius r, and multiplying by it, we get CD = 
r sin A. The sine of an arc is evidently the ratio of half the chord of 
its double to the radius. 



^ * Hence, if s and r be equal, the angle becomes 1; and we thus see, that in 
this mode of measuring angles, the angle which is the unit, is that which has 
the circular arc on which it stands equal to the radius of the circle. Now, 
this angle is 6T 1 T 44"*8, or 206264"'8, nearly; as is found by the following 
analogy: 314159265 :1 ;: 180° : 5Tl7'44''-8; the semicircumference of the 
circle whose radius is 1, being 3*14159265. (See the Author's Differential and 
Integral Calcolus, page 41.) Hence, if the radius of a circular sector were 
12 inches, and its aro 25 inches, we should find its angle to be 119^ 21' 58" *3, 
by multiplying &T, &c. by 25, and dividing the product by 12. 
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DEFINITIONS AND ILLUSTRATIONS. 8 

7. If through the other point B another perpendicular to the same 
straight line, AB, be drawn, cutting the other line AC produced in 
E ; the ratio of the perpendicular BE to the radius AB is called the 
tangent of the angle A; and the ratio- of the hypotenuse AE to the 
radius is called the secant of the same angle. These, for abbreviation, 
are writtea tan A and sec A. Hence, by multiplying by the radius, 
we get BE = r tan A, and AE = rsecA; so that, by taking along 
with these the expression found at the end of the last No., we have 
the three formulas, 

CD=:rsinA...(a), BE =r tan A... (6), *«7^AE = rsecA...(c). 

8. The cosine of an angle is the sine of its complement. In like 
manner, the coversed sine, cotangent, and cosecant of an angle are 
respectively the versed sine, tangent, and secant of its complement. 
Hence, since an angle is the complement of its complement, the cosine, 
cotangent, &c. of the complement of an angle are respectively its sine, 
tangent, &c. For brevity, the sine, versed sine, tangent, and secant 
of the complement of an angle A are written cos A, coversin A, or 
covs A, cot A, and cosecA.* 

If now BA be produced to meet the circumference again in F, and 
the diameter GH be drawn perpendicular to BF, the angle CAG will 
(No. 3) be the complement of A. Drawing, therefore, CK and GL 
perpendicular to GH, and producing AC to meet GL in L. it follows 
from the last two Nos., that if CK, or its equal AD, be divided by 
the radius AC, the quotient will be the sine of CAG, or the cosine 
of A ; and that, in like manner, if GK, GL, and AL be divided by 
the radius, the quotients will be covs A, cot A, and cosec A. Hence, 
by multiplying by the radius r (omitting the coversed sine, as giving 
a result of no value), we get the following formulas : 
AD = rcosA...(<;?), GL^rcotA^..(e), AL = rcosec A...(/). 

9. If we regard the line ABas fixed, while' AC, copamencing its 
motion from coincidence with AB, revolves about the point A, the 
angle A will commence from nothing, and, by receiving continual 
increases, may attain any magnitude, however great. Thus, the 
revdlving line (Jig, 3) may take the successive positions ACi, ACgi 
AC,, AC 4, AC 5, &c.; there being evidently no limit to the amount 
of angular space described by that line, which, Uke a crank in machi- 



• This notation, and the corresponding ones in Nos. 6 and 7, possess -gi-eat 
advantages from their conciseness, and from their suggesting to the mind at 
once the ideas which the symbols are intended to express. 
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4 ELEMENTARY ILLUSTRATIONS. 

n€ry, may be supposed to reyolve again and again about A. Hence, 
A will be one right angle, when AC {fig, 2) coincides- with AG 
two right angles, when it coincides with AF ; three, when with AH 
four, when having completed a revolution, it again coincides with AB 
five, when it falls a second time on AG ; and so on. 

Now, when the line AC {fi>g. 2 and 4) lies in the first or second 
right angle, BAG or GAF, the line CD, or r sin A, is on the side 
of BF which is towards G ; but (Jig, 5 and 6) in the third and fourth 
right angles, FAH and HAB, it falls on the other side of BF. In 
the first and fourth right angles, the line AD, or rcos A, is a part of 
AB ; but in the second and third, it is a part of AF. In the first and 
third right angles, the line BE, or rtan A, is on the side of the point 
B which is towards G ; but in the second and fourth, it is on the other 
side. In the first and third right angles, the line GL, or root A, 
lies on that side of the point G which is towards B ; but in the second 

r and fourth, it is on the other side. Lastly, in the first and fourth 
right angles, the line AE, or rsec A, passes through C, the termina- 
tion of the arc BC ; while, in the other two right angles, it lies on 
the opposite side of the centre with regard to C : and, in the first and 
second right angles, the line AL, or rcosecA, passes through C; 

.while, in the third and fourth, it lies on the opposite side of the centre. 
10. It will be seen, also, that when, AC coinciding with AB, the 
angle A is nothing, the line CD. is also nothing; but that, when A is 
a right angle, CD coincides with the radius AG, and is equal to it. 
In like manner, when A takes the successive values, two, three, and 
four right angles, CD becomes successively nothing, AH, and nothing. 
By dividing these, therefore (No. 6), by the radius r, and by carrying 
out the same principle with regard to angles still larger, we find that 
the sine of any angle which is nothing, or two right angles, or four 
right angles, or any even number of right angles, is nothing ; and that 
the sine of any odd number of right angles is 1. In like manner we 
should find, that the tangent of nothing, or of an even number of 
right angles, is nothing ; and that the secant of any of the same angles 
is 1. If, again, A be supposed to increase by the approach of AC 
ifi^' 2) to coincidence with AG, the lines BE and AE will conti- 
nually increase, and may be made as large as we please. When, 
however, AC coincides with AG, it will be parallel to BE, and will 
therefore never meet it. In tliis case, BE and AE are said to be 
infinite ; and therefore (No. 7), dividing them by r, we get an infi- 
nite quotient ; whence it appears, that the tangent and secant of a 
right angle are both infinite ; and the same will evidently be the case 
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FORMULAS REGARDING A SINGLE ANGLE. 5 

"when A is composed of any odd number of right angles. It would 
appear in a similar manner, that the versed sine of nothing is nothing ; 
of one or three right angle*, 1 ; of two right angles, 2 ; and of four 
right angles, nothing ; and it is easy to trace similar relations regarding 
the cotangent, cosecant, and coversed sine.* 

11. Bj eliminating r, and the lines, CD, BE, &c. from the expres- 
sions in Nos. 7 and 8, we obtain the following trigonometrical 
foraiUlas, which are of much importance : 



cosAsecA = l (1), 

sin A cosec A = 1 . . . (2), 

sin A 
*^'^^ = c-3iA <3). 

cosA 



I 



tanAcotAr=lt (o), 

sin2A+cos2A = l (6), 



sec3A=l+tan2A (7), 

.cosec2Ar=l+cot2A ...(8). 



To investigate the first of these, let us take the products of the 
members of (c) and {d) : then, r^cosAsec A = AD.AE. Now, 
AD.AE is equal to r^ : for, in the similar triangles, ADC, ABE 
(j%. 2, 4, 5, or 6), we have AD : AC : : AB : AE ; whence, since 
AB and AC are each equal to r, we get (Euc. VI. 17.) AD.AE = r^. 
Hence, the expression formerly found becomes r^cos AsecArrrr^; 
and from this, by dividing by r'^ , we get (1). Formula (2) is obtained 
similarly from (a) and (/), by means of the similar triangles, ADC, 
AGL. To investigate (3), we might .find it very easily by dividing 
(a) by {d) ; or we may take the product of formulas (6) and (d), then 



* From what is pointed out above, in connexion with what will be esta- 
blished in No. 11, it will appear that some of the values of the sines, tangents, 
&c. above mentioned, are positive, and some negative : and the student wiU 
have no difficulty in seeing, that if w be any numl&r in the series, 0, 1, 2, 3, &c. 
sin A and tan A will be nothing, when A consists of 2n righf angles : that 
cos A and cot A will be nothing, when A is 2w-|--l right angles; ^at sin A 
is 1, when A is equal to 4w-|-l right angles: and to — 1, when A is 4w-|-;3 
right angles : that cos A is 1 when A is 4w right angles ; and — 1, when A is 
4n+2 right angles: that tan A and sec A are each equal to 4-«y, when A* 
is equal to 4n4- 1 right angles ; and to — oo, when A is 4w-|-.3 right angles, &c. 

f Hence we have cot A= -^ — -•. Multiply both by any quantity a; then 
tan A 

a cot A = r — T-. From this it appears, that if a quantity be divided by the tan- 

fent of an arc, the quotient is the same as the product that would be obtained 
y multiplying the same quantity by the cotangent of the arc ; and it would be 
shown in a similar manner, that to divide by the cotangent is the same as to 
multiply by the tangent. It is evident, also, that there is the same nlutual 
relation between the cosine and the secant, and between the sine and the 
cosecant ; and, universally, between anv quantity and its reciprocal. 
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6 ADDITIONAL ELEMENT AHY PRINCIPLES. 

r2cosAtanA = AD.BE. Now, from the triangles ADC, ABE, 
we get AD : DC : : AB : BE; and, consequently, AD.BE=:r.DC = 
r^ sin A, because, by (a), DC = r sin A ; attd, therefore, r ^cos A tan A 
irr^sinA; whence (3) is obtained by dividing by r^ and cos A. 
We find (4) in exactly the same manner from (a) and (/), by means 
of the triangles ADC, AGL, in connexion with formula (<i). The 
easiest mode of finding (5), is to take the products of the members of 
(3) and (4). If we now add together the squares of the members pf 
(a) and (d), we get r^ sin^A+r^ cos^A- AD^+CD^. But (Euc. 
I. 47) AD2+CD2=r AC2 = r2: and therefore r2sin2A+r2cos2A 
= r^ ; whence we get (6) by dividing by r^. To find (7), we square 
the members of (6), and add to the first of the results AB^, and to 
the second, what is equivalent, r^ : then AB^+BE^, or (Euc. I. 47) 
AE^, or, by formula (c), r2sec2A = r2 + r^tan^ A ; whence we get 
(7) by dividing by r^. In the last place, (8) is found in a similar 
manner from (e), by squaring its members, adding to each AG 2, and 
applying to the results Euc. I. 47, and formula (/). ~ 

12. For the purpose of extending the application of analytical for- 
mulas, it is often necessary to consi(ftr the sines, tangents, &c. of 
angles which are greater than four right angles. Thus, we may con- 
sider the line AC 0g. 2 &c.), as having revolved round A once or 
oftener, and having described the angle BAC besides. In this view 
it is evident, that in the fifth, ninth, thirteenth, &c. right angles, the 
sines, cosines, tangents, &c. will be the same as in the first : in the 
sixth, tenth, &c. the same as in the second; the line AC always 
occupying the same position after the addition of four right angles. 

13. To render the formulas which express the relations of sines, 
cosines, &c. in the first right angle, applicable in expressing the same 
relations in the others,* the sine is to be regarded ^s positive, when 



* Thus, in the first right angle, versinA=l — cos A, which formula \rill 
Jiold ti'ue also in the second and third rig^t angles, on the supposition, that 
in them the cosine is negative; and a similar illustration may be given by 
means of the coversed sine. " Let us lay down, then, this general principle, 
which is of great utility : All trigonometrical formulas shemd be formed for 
positive angUs which do not exceed 90°; since they wiU serve equally for angles 
that are greater than 90°, and for ije^ative angles, by merely making the 
proper changes on the signs of the trigonometrical quantities." — CagnoUy 
Tr^onometney 11. From this conventional mode of expressing diflerence of 
position by the use of different signs in the analytical expressions for quanti- 
ties, much advantage results in extending the application of formulas bo4h 
in trigonometry, and in other parts of mathematics. Without this ai-tifice, 
in the instance already given, we should sometimes have versin A=l — cos A, 
and sometimes, versin A= 1 +[cos A. 
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SIGNS OF THE TBIGONOMETttlOAL QUANTITIES. 7 

CD, the line to which it is proportional, lies on one side of AB, as 
towards G ; but negative, when that line lies on the other side. In 
like manner, the cosine is to be regarded as positive or negative, 
accordingly as the hne AD, to which it is proportional, is a part of 

AB or AF. Hence, also, since (No. 11) tanA= r, cotA = 

"^ ^ cos A 

-T — X = I — T > sec A = T-, and cosec A = . . , it is easy to trace 

smA tan A cos A smA ^ 

the mutations of the signs of all these quantities ; and it will appear, 

that the sine and cosecant are positive in the first and second, fifth 

and sixth, ninth and tenth, &c. right angles, and negative in the others ; 

that the tangent and cotangent are positive in the first, third, fifth, 

seventh, &c. right angles, and negative in the others ; and that the 

cosine and secant are positive in the first, fourth and fifth, eighth and 

ninth, &c.;* the tangent and cotangent changing their signs at the 

end of each right angle ; and the sine, cosine, secant, and cosecant, 

at intervals of two right angles. 

14. The angle BAM {fig, 2) lying on the opposite side of AB from 
the angle BAG, may be regarded as negative in relation to BAG 
taken as positive; and, from considering the sine, cosine, &c. of 
this negative angle, it will be obvious, that sin( — A)= — sin A; 
cos ( — A) = cos A ; tan ( — A) = — tan A, &c. 

15. If {fi^, 2)t the angle FAN be made equal to BAG, and NO -^^ j 
be drawn perpendicular to BF, it follows (Euc. I. 2^)^ that NO isj^/x^.,^^ 
equal to CD, and AO to AD ; the two latter, however, lying in oppo- ^ i 
site directions. Now, if NO and AO be divided by tibe radius, the ^ 
quotients (Nos. 6 and 8) will be the sine and cosine of the angle 

BAN, which (by construction and No. 4) is the supplement of BAC. 
Hence, it is evident, that the sines of A and its supplement are 
equal ; and that their cosines are also equal, but have contrary signs. 



* It is easy to see by an inspection of the diagram, that these signs corres- 
pond strictly to the positions of the lines CD, AD, BE, and GL, to which 
the sines, cosines, tangents, and cotangents, are proportional. That the same 
is the case in relation to the secant, will appear fi'om considering the circle 
to be described by a revolving radius commencing its motion fix)m AB. In the 
first, fourth, fifth, &c. quadrants, the hne AE, which is proportional to the 
secant, and this radius, will he on the same side of the centre ; but in the 
second, third, sixth, &c. on opposite sides. A similar illustration is appli- 
cable with regard to the cosecant. 

f Everything stated here, as well as in several other cases, wiU hold equally 
in figures 4, 6, and 6 : the sole difierence in the present instance being, that 
in figures 6 and 6, the supplements would be negative. 
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8 ARCS WHICH HAVE THE SAME SIlJE, COSINE, ETC. 

If, therefore, at * be put to denote the quotient obtained by dividing 
the semicircular arc BGF bj the radius AB, which quotient (No. 2) 
is the measure of 180°, we shall have sin A = sin (at — A); cos A — 
— cos(^ — A); and consequently, by formula (3), tan A = — tan 
(^ — A), &c. Hence, also, the sine of one angle of a triangle is equal 
to the sine of the sum of the other two. 

16. Since (Nos. 14 and 15) sin A = it sin (=±= A)=sin Qr — ^A); 
by adding to A a multiple of 2 at (four right angles), we get (No. 12) 

sinA = ±sin(2n^=t:A)=zsinJ(2n+l)^— A} (9). 

In this, n is any number in the series 0, 1,2, 3, &c., or 0, — 1, — 2, 
&c.: and hence any sine is the sine of an infinite number of angles. 

17. In like manner, it would readily appear, that 

cos A = cos (2n flrdt A) z= — cos{(2n + l)T — A}... (10). 

18. By taking n=z — 1 in the concluding parts of (9) and (10), we 
get sin A = sin ( — ^ — A), and cosA = — cos( — t — A); or (No. 
14) sin A = — sin (t + A), and cos A = — cos (^ + A). Dividing 
the former by the latter, we have, by (3), tan A z= tan (cr + A) : whence ^ 
it appears, that if two angles differ by ^, their tangents are equal. 
By adding, therefore, n^ to A, and also to — A, we get, by Nos. 
12 and 14, 

tan A = tan(n^ + A)= — tan(ncr — A) .'...(11). 

Hence, also, it is plain, that (No. 13) 

cot A = cot (n T + A) = — cot (« -jr — A). 

19. It follows from Nos. 6, 7, and 8, that the sine, cosine, tan- 
gent, cotangent, secant, and cosecant, of an angle, are simply the 
ratios of the sides compared by pairs, of a rightangled triangle, which has 
that angle as one of its angles. Thus, if ABC (fig. 7) be a triangle right- 
angled at C, we have at once, by Nos. 6 and 8, AB : AC : : 1 : sin B, 
and AB : BC : : 1 : cos B ; and also AC = AB sin B = AB cos A, since 
B is the complement of A. It thus appears, that the hypotenuse is 
to either leg, (zs I is to the sine of the angle opposite to tJtat leg, or to 



* For the use of those who are unacquainted with Greek, the following list 
is given, containing the capital and small letters of the Greek alphabet, with 
their names, and the letters, or combinations of letters, to which they are 
respectively equivalent in Latin and EngUsh ; 

A, at, alpha, a,- B,/6 or C, beta, 6; T, y, gamma, g; A, ^, delta, d; E, i, epsilon, e (short); 
Z, C or ^, zeta, z; H, «;, eta, e (long); 8, or 3-, tbeta, th; I. /, iota, t; K, «, kappa, k; 
A, ;i, lambda, /; M, /C6, ma, m; N, v« nu, n; S, {, xi, x,- O, «, omicron, o (short); 11, it or ir, 
pi,j»; P, g, rho, r; 2, «* or ; , sigma, « ; T, t, tau, <,• T, v, upsilon, u or y ,- *, ^, phi, /or j»A; 
X, ;c, chi, eh: ^) ^J*, P»>) p»; O, «* 6mega, o (long). 
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SINES OF THE SUM AND DIFFERENCE OP TWO ARCS. 9 

the coiine of the adjacent angle ; and that each leg is eqwd to the pro- 
duct of the hypotenuse and the sine of the opposite angle, or of the 
hypotenuse and the cosifie of the adjacent angle. 

20. We have, in like manner, by No. 7, BC : C A : : 1 : tan B, 
and BC : B A : : 1 : sec B : that is, one of the legs is to the other, as 
the radius is to the tangent of the angle opposite to the latter ; and 
one of the legs is to the hypotenuse as the radius is to the secant of the 
contained angle. <^^ 

21. Again, let ABC (fig, 8) be any triangle, and CD its perpendi- /^\, 
cular: then (No. 19) in the rightangled triangles ACD, BCD, CD= ,/ \ 
ACsin A=BC sinB; whence (Euc. VI. 16) AC : BC : : sinB H*^ ;:V 
sin A ; that is, in any plane triangle, the sides are proportional to the 

sines of the opposite angles. Hence, also, ^^p = ~^ — T« 

22. One of the most important problems in trigonometry, is that 

in which it is required to find the sine of the sum of two angles, in 'i 
terms of the sines and cosines of the angles themselves. To investi- /^^^^ , 
gate this, let B AC and D AC (fig. 9), which, for brevity, may be/^„^ \ 
called 6 and ^', be the two angles; and through any point C in AC,^ C 
draw BCD perpendicular to AC, and meeting AB, AD in,B and D. 
Then (No. 19) 

BC = AB sin>, and CD = AD sin ^; 
and therefore BD = AB sin + AD sin ^'; 

whence l = g^sin^ + —sin^ (g) 

-D X /XT m \ A.B sin ADC cos ^' 
But (No. 21) ^ = ^^-^^=:___, 

.AD^sinABC^ cos^ 
^ BD"" sin BAD"" sin(^+0* 
By substituting these in equation (^), and multiplying by sin (^+0» 
we get 

sin (^+^) = sin ^ cos ^+ cos ^ sin &', 

the required formula; or putting A for^ and B for ^', 

Bin(A+B) = sinA cosB + cosA sinB.... (12) 

Hence, tofi/nd the sine of the sum of two angles, multiply the sine 
of each by the cosine of the'other, and add the products together. 

From this, taking B negative, since (No. 14) sin ( — B)= — sin B, 
and cos ( — B)= cos B, we get 

sin(A— B) = sinA cosB — cosA sinB (13) 

Hence, to find the sine of the diference of two angles, from the pro- 

B 
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10 VORMtJLAS REOARDING TWO ANGLES. 

duct of the iine of the greater and the cosine of the less, take the 
product of the cosine of the greater and the sine of the les»» 

23. By No. 3, cos(A+B)=:sin(i ^_A— B>= 8mJ(iflr— A)— BJ. 
Now, if we take i cr — A as a single angle, it is the complement of A* 
and we hare (No. 8) its sine = cos A, and its cosme = sin A. Hence, 
therefore (No. 22), 

cos(A + B) = cos AcosB — sin AsinB (1^)* 

In this, change the sign of B: then (No. 14) 

cos(A — B) = cos AcosB+sin AsinB (15) 

24. Takd the sum and difference oi (12) and (13)t, and also of 
(14) and (15): then 

sm(A + B) + sin(A— B) = 2sinAcosB (16) 

i ;( sin(A'+B)~sin(A— B) = 2cosA sinB (17) 

! cos(A— B)+cos(A + B)=2cosAcosB (18) 

, co8(A— B)— cos(A+B)z=2BinAsinB (19) 

I 25. Let A+B=S, and A— B = D; then A=5i(S + D), and 



I 



* This formula may also be investigated in the following manner: Retain- 
ing^ the same conBtniction (Jig, 9) as m No. 22, draw AJS perpendicular to 
AD, meeting BB produced in E. Then Ihe angle E=^, each being the 

< complement of E AC. Hence (No. 19) EC=E A cos ^. Then, because (No. 

^19) fiC = AB sin ^, we have 

^^^^^ EB=EAcos#'— ABsin<?; 
, , EA ^ AB . ^ 
,. .-.4««.-«..— -> whence 1=^ ^®^""EB ^^ ^^ 

p EA sinEBA BinABC cob# - AB sinB _ ain^ 

^^^EB~"8inEAB~sinEAB"~cos(^+^)' EB*~8in EAB~cos(^f /) 

r< by Nob. 21 and 15. Hence, by substituting in {h), andmultiplyingbycos (#-|-^)> 
* we get 

cos (^+ /)= COB 4 cos / — sin ^ sin ^'; 

■....,«^i which is the same as formula (14): and by changing ^ into — /, we get (15). 

/ It will be readily seen, also, how from (U) ana (15), thus established, (12) 

and (13) might be derived by a nrocess analogous to that employed in No. 23. 

Formula (13) might also oe oerived by i>utting (in fig, 10) BACs^, and 
DAC=/; and from it (12), (14), and (16) might all be derived: or, finally, by 
drawing AE perpendicular to AD, we, mij^t investigate (15); and from it 
tlie other three might be derived with equalfac|lity. 

It may be remarked that when any one of these four formulas is derived 
frt>m a dif^am, it is better to derive the others from it, than again to appeal 
to first principles, by employing another diagram. Various other moaes of 
investigating these important formulas, have oe^a given by writers on ttigo- 
nometry. 

t That is, put the sum of the first members of equations (12) and (18) eoual 
to the sum of their second members ; and likewise the difference of their nrst 
members equal to the difference of their second members. Such abbreviated 
modes of expression may often be used with advantage. 
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B=:|(S — D). Substitute tiiese values of A and B, and of their 
sum and difference, in the last four equations: then, to preserve uni- 
formity of notation, use A and B, instead of S and D, in the formulas 
thus obtained, and there will finally result 

sinA + smB=:2sini(A + B)cosJ(A— B) (20) 

sinA--.sinfi=2cosi(A + B)sinl(A— B) (21) X 

cosB+cosA=2cosi(A + B)cosi(A— B) }^2) 

cosB— cosA=2sini(A + B)sini(A— B) (23) 

2^^. Divide the second of these by the first, and divide the terms 
of the second member of the result successively by 2cosi(A+B) 
cosi(A— B) and by 2sini(A + B)sinJ(A— B); divide the fourth 
by the third, and divide the numerator and denominator of the second 
member of the result, first, by 2coBi(A + B)sini(A — B), and then 
by 2sin I (A + B) cos i ( A — B) : divide, ako, the first by the third, 
the fourth by the second, the fourth by the first, and the second by 
the third; then simplify the second members by rejecting the quanti- 
ties conunon to the numerators and denominators^ and by means of 
No. 11 ; and there will be obtained 

sin A— sin B _ tani(A— B> ;_ cot>(A + B ) ,„ , . 

sinA + sinB""tanJ(A-f-B) ^i(A— By" ^ ^ 

cosB— co8A _ tanKA + B) _ tanK4— B) .^ . 

cosB-l-cosA""coti(A--.B)""coti(A-l-B) ^^^ 

^l$S='-J<*+B) -, W 

SESB--KA+B)..... <«) 

cosB — cos A ^ ,,. _.. ,^^^ 

. p =tant(A— B) (28) 

smA + smB ^ ^ ^^^ 

sin A — sinB_ 

— ^5— ;r-=tani(A — B) (29) 

cosB + cosA ^ ^ V *'/ 

27. In (20) or (21), and in (22) and (23). let Bc=0 ; then (No^ 
10), sinB=:0» cos B=zl, and we shall have 

sinA = 2sini AcosJ A (30) 

l-t- cosA=:2cos3iA (31) 

1— cosA = 2sinnA (32) A^ 

28. The following system of formulas is obtained hj modifying"' 
the numerators of their first members by (30), and the denominators 
by (20) and (21), and by simplifying the results. Thus, by (30), 

sin ( A -1- B) = 2 sin i ( A + B) cos i ( A + B) ; 
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12 FORMULAS BEGARBING TWO ANGLES. 

and by dividing the members of this bj those of (20), and simpli- 
fying, we find the first of the following: 

sin(A + B) _ cosKA + B) .g« . 

sinA + sinB""cosi(A— B) ^ ^ 

sin(A — B^ _ co8t(A — B) .„.. 

sinA — sinB cosi(A + B) ^ 

sin(A + B) _ sinKA + B) 

sinA— sinB — sinKA— B) ••• ^"^^^ 

sin(A-B) _ sinKA-B) 
sinA + smB""8ini(A + B) ^^V 

29. If B be taken.equal to A in (16), (17), (18), (19), and (14), 
the following expressions are obtained, the first and second giving the 
same value for sin 2 A, and the third, fourth, and fifth, giving three 
different expressions for cos2 A: 

sin2A = 2sinAcosA (37) 

cos2A=2cos2A— 1 = 1— 2sin*A = cos»A— sin'A (38) 

30. To investigate some of the most useful properties of the tan- 
gents of angles, in addition to those already given, divide (12) by 
(14), (13) by (15), (14) by (12), and (15) by (13) ; then divide the 
numerators and denominators of the secimd members of the first two 
equations thus obtained, by cos A cos B, and those of the last two by 

sinAsinB; and, since (No. 11) . =tanA, aaid -; — r=cotA, 
^ "^cosA smA 

there will result 

r X AA I Ti\ tan A + tan B .^q. 

*^<^ + ^>= l-tau.AtanB ^^*> 

tan A — tanB 



[ 



-(*-'')=^£ral <«>* 



* The foUowing system would be found by usme as denominators the sum 
and difference of the cosines, and modifying them by (22) and (23): 

8m(A+B) _ 8ini(A+B) , 

cosB4-cosA cosJ(A— B) 

sin(A— B) cosi(A— B) . 

cosB— oosA~smi(A+B) ^ ' 

sin(A+B) co8t(A+B) 
cosB— co8A""sini(A— B) ^ ' 

sm(A— B) 8ini(A— B) . . 

cosB+cosA~co8j(A+B) ^ ^ 

t Formulas (40) and (42) are easily derived from (39) and (41), by changing 
B into — B. 
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FOBMULAS R£GARDINO TANGENTS. 13 

x/A 1 T>\ cot A cot B — 1 x>ii\* 

^ "^ cotB + cotA ^ "^ 

-L/i T>\ cotAcotB+1 ..„. 

cot(A~B)= ^^tB-cotA (*2> 

31. The tangent and cotangent of the sum of three angles, A, B, 
C, may be readily deriyed from the first and third of the preceding 
formulas, by regarding A+B as a single angle. In this way we 
have, first, 

^ ^ ^ '' 1— tan(A + B)tanC' 
and then, by substituting for tan(A + B) its equal, according to 
(39), and multiplying the numerator and denominator of the result 
by 1 — ^tanAtan B, we obtain 

. /A f p I n\^ tanA + tanB + tanC — tanAtanBtanC ^^^^ 
tan ^ A + li + v.; - l_tanAtan.B— tanAtanC— tanBtanC"^^*^^ 

By a similar process we should find, that ^ 

. . -P pv cot A cot B cot C —cot A — cot B — cotC ...^ 
^^^^"^^'^^''"-cotAcotB + cotAcotC+cotBcotC— l**^^j 

It is easy to see, that formulas for the tangent tmd cotangent of 
•the sum of four or more angles, might be derived in a similar manner. 

32. Take B= A in (39) and (41), and B=C = A in (43) and 
(44); then 

'""=ll^A • W 

•»'"=1si^ w 

'»^*=5^S^i^ w 

-. co t^A— 3cotA 
^"^^^= 3cot^A-l - (^^> 

33. By dividing (32) by (30), we obtain 

1 — cos A . 1 A yA<\\ ^ 

-15A-=*^*^ <*®> ^ 

Hence, also (No. 11), 

cosecA— eotArrtani A (50) 



% 



* This may be obtained by taking the reciprocals of the members of (39), 
and multiplying the numerator and denominator of the second member by 
cot A cot B. In a. similar manner (42 ) might be derived fix)m (40 ). 
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36. By No. 11, cosecA + cotA=:-r— r +-; — r=;— A — i — , or, 
•^ sin A smA sin A ' 



14 FO&MULAS BSaiRmNG AHaLSf. 

34. Doable the members of (46), and perform the actual division 
in the second ; then (5), 

^ 2cot2A = cotA^tanA (61) 

^ 35. In (50) change A into 90^— A; then 

secA— tanA = tan(45<'— iA) (52) 

No. 11, cosecA + cotAs: 

bj (31) and (30,) and hj contraction, 
5<[ cosecA + cotAsscoti A (53) 

37. In this change A into 90® — A ; then 

secA+tanA = cot(45*— i A) (54) 

38. Since the arcs 45° — I A and 45°+ i A are complements of 
each other, (62) and (54) will become 

secA— tanA = cot(45o+iA) (55) 

secA + tanA = tan(45°+^A) (56) 

39. Bj taking the diflference of formulas (5Q) and (52), we obtain 
2tanA = tan(46o+iA)— tan(45°— i A); and therefore 

tan(45°+lA)=:tan(45°— JA)+2tanA (57) 

40. The sines, cosines, &c. of some angles bear remarkable relations 
to unity ; and therefore merit consideration. We have already seen 
that cosj^r, or cos 90°=: 0. Hence if A be taken=90° in (31) and 
(32), we have 1 = 2 cos « 45°= 2 sin 2 45°, and therefore 

5^ [ sm45°=cos46°= VT=IV2 (58) 

Hence, also, by (3), (4), (1), and (2), 

taa46°=cot45°=l (59) 

sec45°=cosec45°=V2 (60) 

41. Agam, since 60° is double of 30°, and is also its complement, 
we have, by (30), and by No. 8, 

sin 60°= 2 sin 30° cos 30°, or 
sin 60°= 2sin 30° sin 60°. 

Hence, dividing by 2 sin 60°, we obtain 

X [ sin30°, orcos60°=l , (61) 

From this, also, we derive by (6), 

cos30°, orsin60°=Vi=iV3 (Q2) 

These values give, by means of (3), (4), (1), and (2), 

tan30o=cot60°=Vt = W3 (63) 

cot 30°= tan 60°= V 3 (64) 
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sec30o=coseo600s=Vi=J^V3 (63) 

cosec30»=sec60o=2 (66) J 

42. We have (37) and (38), 

sin 72o=z 2 sin 36^ cos 36^ and 
cos72«=2cos336o— 1. 

Hence, by (12), sinl08o=sm(36<»+72<') = sin360cos72o+cos36« 
sin72o, or, by (38) and (37), since 72«= 36° x 2, 

»inl08o=: 28in36<» cos^seo— sin36<^+ 2 sin 36°cos236o 
= 4sin36o cos2360— sin36<>. 
But, since 720+1080=180°, we have, by No. 15, and by (37), 
8inl08°=sin72o=2sin360cos360; and therefore, by equalling these 
values of sin 108°, we obtain 

2sin36o cos 36°=: 4 sin 36° cos236o— sin36^ 
Hence, by dividing by sin36o, and by transposition, we get 

4cos2360—2cos 360=1; 
the positive root of which equation is 

COS360, or 6in54o= J(l + V5) (67) 

43. Hence .(6) sin36o, or cos 54°= ^ V (10— 2 V 5) ... (68) 

This is half the side of a pentagon inscribed in a circle, whose 
radius is 1, since an arc of 36° is one tenth part of the entire circum- 
ference, and (No. 6) in that circle, the sine of any angle is half the 
chord of twice the corresponding arc. Hence the side of the pen- 



tagon is iV(10— 2 V 5)= ^^^ "^^ 



2 • 

44. By(38), cos72o=2cos236o— 1; whence, and by (67), 

cos72o=sinl8o=i(— l-l-VS) (69) 

This is half the side of the inscribed decagon. The side itself, 
therefore, is i(V5 — 1). 

46. From (69), we obtain, by means of (6), 

sin72o=cosl8o=iV(10 + 2V5) (70) 

This is the half of one of the diagonals of a regular pentagon inscribed 
in the same circle. 

46. By taking A= 60° in (17), we have, by (61), after transpo- 
sition, and by changing B into A, 

sin(60o-t-A)=8in(600— A)+sinA.., (71) 

47 By taking (69) from (67), and doublmg the remainder, we find 
2sin540— 2sinl8o=l; 
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bj multdpljing which bj cos A» there will be obt^ed, by (16), 
sb (54^+ A) + sin (540— A)— sin (18o+ A)— sin (18°— A)=cos A... (72) 
We should also have a similar formtda bj multipljing bj sin A, 
and applying (19). 

48. Two formulas giving the cosine and sine of half an angle may 
be thus inyestigated : (cos A-(-sin A)^=zcos^ A-|-2cos Asin A-|-sin^ A • 
=l-(-sin2 A, by (37), and by No. 11 ; and therefore cos A+sinA= 
V(l + sin2A). In like maimer, we should find cos A — sinA= 
V(l — sin 2 A); and by taking half the sum and half the difference 
of these, we obtain 

cosA=JV(l + sin2A)+iV(l— sin2A) (73) 

smA = |v(l+sin2A)— iV(l— sin2A) (74)* 

49. Formulas might also be inyestigated for the secants and cose- 
cants of the sum and difference of angles, &c.; and we might in- 
vestigate many more respecting sines and tangents. As much has 
been done, however, as is consistent with the nature of the present 
publication ; and the person who shall make himself well acquainted 
with the mode of investigating the formulas that have been here 
given, wiU find it easy to derive others. We shall now proceed, there- 
fore, to the resolution of plane triangles, or to investigate rules and 
formulas for calculating certain sides or angles of plane triangles, 
when others are given. 



II.— RESOLUTION OF PLANE TRIANGLES. 

50. To assist in effecting calculations in trigonometry, tables have 
been constructed, containing the sines, tangents, and secants of aU 
the angles, up to 90°, which differ by small equal intervals, usually of 
one minute; and, in trigonometrical computations, instead of the 
common numbers, the logarithms not only of the numbers expressing 
the lengths of the sides of figures, but also those of the sines, tan- 
gents, and secants of angles, are almost always employed, since the 
invention of those remarkable numbers. The theory of logarithms, 
and the method of computing tables t of them, and of sines, tangents. 



* Let the student consider for what angles the radicals, in this formula and 
the last, are to be taken positive, and for what negative, 
f To employ those tables without being acquainted vnih their nature and 
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RESOLUTION OF PLANE TRIANGLES. IJT 

aud secants, are given m the Treatise on the Diiferential and lutegi^al 
Calculus, bj the Author of this work. It may suffice here to say^ 
that the logarithms of two or more numbers, are other numbers whose 
sum is the logarithm of the product of the number^ to which they be* 
long. Hence it follows, that the diflference of the logarithms of two 
numbers is the logarithm of the quotient obtained by dividing one of 
the numbers by the other ; that the logarithm of the square of a num- 
ber is double of the logarithm of that number; and the logarithm of 
its square root, half its logarithm. . 

51. It is easy to see (Euc. I. 4, 8, and 26) that, with the exception 
mentioned in No. 53, a plane triangle is determined, when, of its 
sides and angles, any three, except the three angles, are given* Hence 
we may divide tlie resolution of plane triangles into three eases: 

I. When a side and the opposite angle, and either another sid^, or 
another angle, are given ; 

II. When two sides and the contained angle are given; and, 

III. When the three sides ar^ given. 

52. The first case is resolved on the principle, that (No, 20) jtjie 
sides are proportional to the sines of the opposite angles. 

53. When, in this case, two unequal sides, and the angle opposite 
to the less, are given, the angle opposite to the greater may (No. 15) 
be either that which is found in the table of sines, or its supplement, 
unless it be known from the nature of the problem, whether it is 
acute or obtuse. This will readily appear from constructing the tri- 
angle ABC (Jig. 11) having the angle B acute, and the side AC less 
than AB ; as it wiU be seen, that if from A as centre an arc be de* 
scribed, with AC as radius, it will cut BD in two points C and C, 
either of which may be t^en as the extremity of AC, and the two 
angles ACB and AC'B are evidently supplements of each other, the 
triangle CAC being isosceles.* Since the ^ino of an angle and the 
sine of its supplement are equal, a similar ambiguity would always 
exist when the quantity to be found is a sine, were it not removed by 
the nature of the triangle, or by some other cireumstai^ce. 



construction. Is not strictly scientific. The student, however, will learn their 
theory and oonstrucUon with greater ease, when he shall have had more expe- 
rienoe in mathematical investigations: and those who prefer the more sctentific 
mode, may have recourse to the Treatise on the Differential and Inte^al Cal- 
culus. In all the books of tables, the method of using them i» ezplamed. 

* Should the computation give the angle opposite to the neater side eq ual to 
W, these would he no imhiguity. In Qus case the arc CTj* would touch BD. 
Should Hie vaKie of sin C be greater than the radius the sohition would be 

C 
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18 PLANE TRIGONOMETRY, SECOND CASE. 

54. The method which is generally beet adapted for resolving the 
second case, may be thus investigated. Let A, B, C be the angles of 
a triangle, and a, h, c* the sides respectively opposite to them. 
Then (No. 21) aih :: sinA : sinB; whence! 

a — h sin A — sinB , .^.v 
a + b smA+smB 
a_6_ tan^(A— B ) 
a+6""tan^(A+B) ^'^"^ 

and therefore 
r a+h : a— 6 :: tani(A+B) : tau4(A— B); 

in which analogy the third term, as well as the first and second, is 
given, since (Euc. I. 32) A+BzzlSO^— C. Hence, therefore, the 
angles A and B will become known, half their sum and half their 
difference being known. 

55. The angles being found, the third side may be calculated by 
No. 52. In practice, however, it is generally better to use one of the 
following analogies ; f 

[cQs'x(A— B) : cosi(A+B) : : a + h : c (76) 
gini(A— B) : sini(A+B) : : a— & : 6 (77) 



impossible, the data being inconsistent with one another, and havi^ no 
triangle answering to them, the arc CC neither cutting nor touching BD. 

* To avoid ambiguity in the use of this very convenient notation. A, B, C 
may be read angle A, angle B, angle C ; and a, b, c, side a, side 6, side e. 

f For a+b : a — b : : sin A-|- sinB : sin A — sin B, and consequently 
a — b __ sin A — sin B 
a -j- 6 ~" sin A-}* sin B* 

t These formulas are given in the 13th page of Thacker's Miscellany, pub- 
lished in 17^3, and their use in resolvingthis case ofplane trigonometry, was 
first pointed out by the late Professor Wallace of Edinburgh, in the JEdin- 
burgn Transactions for 1823. 

The following geometrical proofs of formulas 15, Y6, and 11, may perhaps 
be preferred by some to the proofs ah^ady given. 

Let ABC ijftg* 12) be any plane triangle having a greater than b; and irom 
C as centre, with a as radius, describe a circle meeting C A produced in D and 
E, and BA produced in F; join DB, BE, and CF, and draw EG parallel to 
AB, and meeting DB produced in G, Then, because DC and CE are each 
equal to a, DA is equal to a+b, and AE to a— 6. Also (Euc. I. 32), DCB= 
A+B, and (Euc. 111. 20) DEB= i(A+B). Again (Euc. I. 32), A=ACF+ 
^ .^„ ^ , .. , .. .r.^ . B; and (Euc. in. 20) 

1 as uni^, since (Euc. 

, or tan J( A^-B), and 
BG the tangent of^BEG7 or tan J(A— B)"; and (Euc. VI. 2) DA : AE : : 
DB : BG; Siat is, a+b : Or-b : : tan J(A-|-B) : tanJUA— B), which is the 
same as (15), Again, DBA is the complement of AfiJE, or J(A — B) ; and 
D the complement of BED, or i( A+B). But, in the triangles, ABD, ABE, 
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PLANE TRIGONOMETRY, THIRD CASE. 19 

These are easily proved in the following manner. Since (No. 21) 
sin A a , sinB h 

- — T^r := — , and -: — rz = - , 

smC c smO c 

we have, by addition and subtraction, and by substituting (No. 15), 
sin ( A+B) for sin C, 

sinA+sinB a+h , sin A — sinB__a — h 
sin(A+B)~ "T"' ^^ sin (A+B) "^ T"' 

or, by (33) and (35), 

cos.^(A— B) _ q+& , 8in.j^(A— B )_ a— 6 
cos.i(A+B)- c ' ^^ sin.^(A+BJ-~r* 

It may be remarked, that if the latter of the two formulaiS just 
found, be divided by the former, the quotient will be (75) : and thus 
we have a second and an easy mode of investigating that formula. *^ ^ 3 

56. In the thirS case, the three sides being given, to find one of 
the angles, suppose A (^.8); from C (either of the other angles) 
draw CD perpendicular to the opposite side; then (Euc. I. 47) a^= 
CD2+DB3. But CD2=62_AD3, and J)B^=lc—AJ)yz=c^— 
2cx AD+AD2=c2— 26(5 cosA+AD2 (No. 19); and substituting ^ 
these in the foregoing equation, and contracting, we obtain 

a2=62 + c2— 25ccosA (78) 




Hence we have cosA= ^^^j ; — a formula by means of 

2 be -^ 

which A may be determined arithmetically, though in general not 
easily, as it is not adapted to computation by logarithms. To find a 
more convenient formula, we get from (78), by transposition, 

26ccosA=z62+c2_a8. 
Subtract the members of this from 2 he, and also add them to it: then 
26c(l— cosA) = a2_(62_25o+c2)=a2— (6— c)2, and 
25c(l+cosA) = 62^.26c+c2-.a2=(6+c)2_a3. 

or, by (32) and (31), and because the diflference of the squares of two 
quantities is equal to the product of their sum and difference, 

46csin2JA= (a — &+c) (a+ft — c), and 
46ccos2iA=(a+6+c)(6+c— a). 



we have (No. 21) ainDBA : sinD : : DA : AB, and sin ABE : sinAEB : ; 
AE : AB;thatis,cosJ(A— B) :cosi(A+B) i\a-\-h : c, and sin J(A--B) : 
sin J(A+B) : : a—* : c; which are (76) and (77). . 
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20 PLANE TRIOOMOMETRX, THIR¥> CASIT. 

By puttkig 2< -= a + 5 + c, these become 

46csin»iA=2(^— 6).2(«— c), and 

46ccos4a = 2«.2(«— o)> 
Hence^ bj dividing by 46c, and extracting the square root, we get 
the two formulas, 

siniA = y(ir:^M£=^) (79) 

cosiA^yi^>. (80) 

57. Divide (79) by (80); then, by (3), 

<-i'^=y^5^ ••■■(»')t 

In like manner we should have 
Divide the members of these by those of (81) ; then 

^=!:=|. and J«ii$=»-r:f (82) 

tan^A 5—6 tan^A 5 — c ^ '^ 

58. Bv multiplying the values of tan JB and tanJC in the last 
No. by uie value of tan J A in (81), we get 

tan.iAtAn.iB-i=^, andtaniAtanJCr:?^ ...(83) 

8 S 

69. Take t»ice the product of (79) and (80): then (30) 
6inA=|V«(«-a)(»-6)(s-c)t (84) 

DC 



* For since 2s=ia+h+c, by subti-actinff 2 6 we obtain 2«— 25=a— 6-f <?; 
and similar r«maind^fl WDuld be obtained t>y Subtracting 2a and ^o. 

t Formulas TO* 80, aad 81 were discovered by William Purser of Dublin, 
TOX)bably about the year 1632, or soon iafler. See Wallace's Geometrical 
Theor^dis, |>ftge 1. 

J Multijky hoih ateitibws of this formula by 6; then &edmA, or, by No. 19 
ify* 8), the perpendicular CD=- V « (s— a) («— 6) {s—c). If this be multiplied 

by ic, we obtain, for the Area of the triangle, V * («-*-<!) {a — b) {s — c), which 
proves the common but important rtde lor nnding the area, when tiie three 
sides are given. If this be divided by «, half the perimeter, we find the radius 

of the mscnbed circle = w'^-^ -^ -^ '» 

the third cas^ takf also be i^olved by drawbg the perpendicular CD (Jig. 
8), iAid thUd ibiml&g the two rightangled triangles ACD, BOD : for (£uc» X 
47) AC»—AD^=BC*— BD'j Wh^rwey by tra»8po*ltlon, we have BD^-^-AD'^j^ 
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irXAHPLES OP COMPTTTATIOU. 21 

EXAMPLES OP THE RESOLUTION OP PLANE TRIANGLES. 

60. Given ai= 13 yards, 6=15 yards, and A|=53<» 8'; to find tho 
remaining parts of the triangle. 



Asa 13 1-11394 

:b 15 1-17609 

;: sinA 63*» 8' 9-90311 



As sin A 68" 8' 9-90311 

:smC 69<*29' 9*93525 

: : a 13 1*11394 



:c 14 1-14608 

By taking C=zW 15', and A and a 
the same as in the preceding- analogy, 
w^findc=4.* 



:8inB 6^*23', 9-96526 

orll2<»3r; 
this heing (No. 53) the doubtful case. 

Hence (Euc. I. 32) 

0=59" 29', or 14° 15'. 

In these operations, to find the fourth term (No. 50), the second 
and tlnrd terms are added together, and the first is taken from the 
sum. This may be done more easily by adding together the second 
and third terms, and the complement of the first to 10, or what re- 
mains after subtracting its right-hand figure from 10, and all the rest 
from 9, which may be done by inspection, as we proceed with the ad- 
dition. Thus, in the second, we have 4 and 5 Are 9, and 9 are 18 ; 
then 1 and 9 are 10, and 2 are 12, and 8 are 20, &c. When we use 
this method, we must reject 10 from the result. It is still easier, 
however, when the quantity to be subtracted is a sine, to use instead 
of it the cosecant diminished by 10 in its index, and then to add all 
the ijuantities together. The reason of this is evident from the second 
note to No. 11. In like manner, when a cosine is to be subtracted, 
we may add the secant diminished by 10 ; and when a tangent or co- 
tangent is to be subtracted, we may add in the first case the cotan- 
gent, In the second, the tangent, subtracting 10, either at first, or from 
the final result. 

The following method of resolving this case is perhaps preferable to 



BC— AC«, or (Euc. U, 5, |5or.) (BD-f-AD) (BD-*AD) = (BC+AC) 
(BO — AC). Now, when the perpendicular faUs within the triangle, BB-f* 
AD= AB ; otherwise (A being obtuse) BD— .AD = AB : in either case, there- 
fore, one of these factors is given, being equal to the base, and the other will 
be determined by dividing (BC -f- AC) (BC — AC) by the one which is given, 
or by donv^fting the equation (by Euc^ VI. 16) into an analogy haying the 
given biuse for its first term. Hence the segments of the base will be known, 
and then each of the rightangled triangles will be resolved by the first case. 

* These results may be thus obtained by the use of natural sines and num- 
bers; as a : 6 : : sin A : sinB ; that is, as 13 : 15 : : '80003 : '92311= sine of 
er 23', or ur 37; whence C, as before,=:59^ 29^, or 14^ 16'. Using the first 
of these, we have sin A : sinC : v a : e; that is,-d0003 : *861i6 t : 13 : 14; while, 
by taking C =14^ 15', we should taxi, in a simUar mannw, t^ 4» 
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EXAMPLES OF COMPUTATION. 



that which is given above. From log sin A take log a, and the remain* 
der, 9-90311— 111394, is 878917; add this to log 6=117609, and 
the sum 9*96526 is log sin B as before. Then, C being found, from 
the logarithmic sines of its values take successively the same quantity 
8*78917, and the remainders are the logarithms of the two values of 
0. The reason of this is obvious, since, in the first analogy, the first 
and third terms are a and sin A; and in the second they are the 
same quantities in a reversed order. 

61. Given a =67-38 miles; 6=42-6 miles, and C=56M5'; to 
resolve the triangle. 

Then, by (76). 



By (75). 
As a+b 99-98 

: a— 6 U-78 

::tani(A+B) 61*8ri 



1-99991 

1-16967 

10-26760 



: taaJ(A— B) 16® 18'J 9*43726 



Hence, by adding and subtracting the 
half sum and half difference, we find 
A=W 66', and B=46<» 19^. 



A8C08i(A— B) 
:cosHA+B) 
:ia+b 



W 18'i 

61° srl 

99*98 



9-98431 
9*67691 
1-99991 



49-26 1-69251 



This might also be. fomid by either of the 
following analogies, (77), and No. 52 : 
smi(A— B) :8ini(A+B)::a— ^ :e, 
and sin A : sinC :: a :e. 
If G be a right angle, the solution is effected more easily by means 
of No. 20, than by Uie foregoing method, as we have simply a : 6 : : 
radius : tanB. 
62. Given a=679, 6=637, and c=429 ; to find the angles. 
Here, by adding the three sides together, we obtain 1645, the half 
of which, 822-6, is s. Then, by taking from this the three sides suc- 
cessively, we find s — o= 143*6, s — 6=285'6, and s— c=:393-5.* 
The rest of the work, the subtraction in the fitst part of which may 
be perfonned in the manner pointed out in No. 60, is as follows : 



8 

s — a 
s — c 



822-6 
143-6 
286-6 
393-6 



tanJA 44«iri 
A=r88®3^ 



2*91614 
2*16686 
2-45661 
2-69494 

2)19-97866 
9-98928 



} 



snbi 



tan^A 
log(«— a) 



log (5— 6) 

tanJB 26° rj 
B=62°16' 

log(«— c) _ 

tan JO 19^86' 
0=89^19'. 



9-989281 
2-16686^ 

12-14613"^ 
2-46661 

9-69062 

12-14613 
2-69494 

9*65119 



add. 



subt 



snbt. 



* As a check on this part of the operation it may be xemarkedy that the sum 
of the three remainders is equal to the half sum s. 
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Here the first part of the operation proceeds according to (81). 
In the second and third, according to (82), log(s — a) is added to 
log tan ^ A, both of which are found before; and from the sum the 
logarithms of 5 — h and s — c are taken successively to find log tan ^B 
and log tan ^C. The sum of the angles thus found is exactly 180°: 
and thus, by calculating all the three angles, and taking their sum, we 
have always a certain means of determining the correctness of the 
operation. 

63. By supplying the radius in (83) and dividing by tan ^ A, we get 

tan^B=: / , / , and taniC= / , / . 
^ 5tan^A ^ 5tan^A 

These expressions afford an exceedingly easy method of finding 
tan^B and tan^C, after tan^A has been determined; nothing more 
being necessary for the logarithmic solution than to add 20 succes- 
sively to the logarithms of « — c and «— 6, and from the results to 
take the sum of the logarithm of s, and the logarithmic tangent of ^ A. 

As an example, let « =113*3, 6 = 618, and c=r 628*3. Here we 
have 5 = 679*8, s— a=:566*5, s — 6 = 61*8, and 5 — c=51*5; and 
the logarithmic computation will stand as follows : 



s — a 



679-8 

666-6 

61-8 

61-6 



2-832381 
2-763200 
1-790988 
1-711807 

2)17*917214 



} 



subt. 



tan J A e'^ll'J 8-968607 

Ae=:10°23'. 



tan I A 
logs 



log(s— c)-|-20 

taniB 39*> 48' J 

6=79^37' 
log (s— 6) +20 



tanJC 460 
0=90°. 



8-968607^ 
2-832381 

11-790988^ 
21-711807 J 

9-920819 

21-790988 
11-790988 

10-000000 



subt. 



64. No easier or better solution for this case can be desired, or 
perhaps found, than is afforded by either of the foregoing methods ; 
the taking of only four logarithms from the tables being necessary in 
the entire operation by either of the methods. It may be resolved, 
however, by means of No. 56 or 59, or of the note to No. 59 ; and 
the learner, for the sake of comparison and of practice, would find it 
useful to resolve a triangle in all the ways here pointed out. The 
method in No. 59, besides being tedious, fails in determining whether 
the angle is acute or obtuse, and is therefore useless in practice. 
No. 56 affords simple and easy solutions. 

65. Rightangled triangles are resolved by the first case, except when 
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24 HEIGHTS AND DISTANCES. 

the legs are given ; and then the resolution is most easily eflfected by 
the method pointed out in No. 20. These are more easily resolved 
than oblique-angled triangles, as the radius may always be one of the 
terms. 

66. As applications of plane trigonometry, we may consider some 
of the simplest and most useful cases of the determination of heights 
and distances. The height of an accessible object AB (fig, 13), such 
as a tree, a spire, &c. may be found by assuming a station C on the 
some horizontal plane with the base B, and measuring with a line, 
chain, &c. the distance BC ; and with a quadrant, theodolite, &>c. the 
angle ACB, called the angle of elevation. There will then be given 
the right angle B, the angle C, and the base BC, to find the height 
AB; and that will be computed by means of either of the following 
analogies; cos C : sinC : : BC : AB, or radius : tanC : : BC : AB. 

67. The data necessary for determining the height of an inacces- 
sible object AB (Jig, 14), may be found by measuring the distance 
between two objects C and P, which are on the same horizontal plane, 
and in the same straight line with the base of the object; and by 
measuring the angles of elevation, ACB, ADB. Then, as sin CAD 
(=ACB-^ADB, by Euc. I. 32) : sin ADB :: CD : AC; and ra- 
dius : sin ACB : : AC : AB, the height required. In the compu- 
tation, the logarithm of AC will be found by tlie first analogy, and 
may be used in the second without finding AC itself.* By com- 
bining the two analogies, we have log AB = log CD + log sin ACB + 
logsinADB— log8in(ACB— ADB)— 10. When the surface on 
w^ch the measurement is made is not horizontal, its inclination piust 
be measured, and must be employed in the calculation ; and in all 
cases, when the angle of elevation of the summit of the object above 
the horizontal plane, passing through the eye, is observed, the height of 
the eye must be added to the final result. 

68. The foUowing is one of the most useful cases of the measure- 
ment of distances. Let A and B (fig. 15) be two objects whose dis- 
tance is to foe found, and let the bsuRe CD, in the same plane, be 
measured. Measure also the angles ACB, BCD, BDA, and ADC. 



' •It follows firam No. 19, that BCsABootO, and BDsrABcotD. Taking 
the<ii£ference of these we obtain CDcsAB (cot D— cot C), and conaequaatly 

-^-cotBUjotiJ' 
a formula which gives an easy method of computing AB by means of the 
taUe of natoral tangents. 
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BXER0I8BS IN PLANB TRIGONOMETRY. 25 

Then (bj ca,s^ I.) in the triangle ACD, calculate AD ; and in the 
triangle BCD, calculate BD: lastly, in the triangle ADB (case IL), 
calculate AB. The operation may be verified by computing AC and 
BC, and thence AB. The other common cases of the measurement 
of distances will be found in the following exercises, and will present 
no difficulty. 

EXERCISES IN PLANE TRIGONOMETRY. 

1. Griven A= 90^ B =37° 52', a=. 170*6 ; required h and c. Answ. 6= 104-72, 

c= 134-68. 

2. A=90^ B=49° 18', c=lhd. Answ, a=1210, 6=917-3. 

3. A=90^ a=167-8, 6=100. Answ. B-=39'' 19'4, c=122-07. 

4. A=90^ 6=784-3, c=940. Answ, B=39° 51', a=1224-2. 

6. A=68<' 23', B= 62<» 40', a=6000. Answ. 6= 4777*8, c= 4055'9. 

6. A=45^ a =64-3, 6=67. Answ. B=;38° 49', <;=90-4. 

7. A=: 45^, a= 57, 6= 64-3. Answ. B= 52° 54'i, o= 79*844 ; or 

B = 127° 5'i, <J=11-091. 

8. A= 17° 18', 6=1376, <J=149. Answ. B=160° 38'i, a=1234*l. 

9. a=384, 6=512, c=201. Answ. A=41° 6', B=118° 46'. 

Ex. 10. Required the breadth AB {fi(f. 8) of a lake, the distance from A to 
a station C being 24*36 perches, and the angles A and C being 91° 32' and 
69° 1 8' respectively. Answ. AB = 69*408 perches. 

ExL. 11. Required the distance between two houses A and B {Jig. 8), on the 
opposite aides of a hiU; the distance from A to a point C, from which both are 
visible, being 168 perches, fi-om B to C 212 perches, and the angle ACB= 
34° 48'. Answ. 121*14 perches. 

Ex, 12. Suppose a base AB (fig. 15) of 24*36 chains to be measured for 
ascertaining the distance between two houses C and D beyond a river, and sup- 
pose the angles CAD, DAB, DBC, and CBA to be 64° B&, 61° 12', 70° 44', 
and 49° 50^, respectively: required the distance CD. Answ. 132*93 chains. 



IlI.—THEORY OF SPHERICAL TRIGONOMETRY. 

69. A spherical triangle is a part of the surface of a sphere bounded 
by arcs of three great circles; that is, of three circles whose planes 
pass through the centre of the sphere. Those arcs are the sides of 
the triangle ; and any of its angles is the same as the inclination of 
the planes of the sides which contain that angle. 

In what follows, unless the contrary is specified, a spherical triangle 
will be understood as being the smaller of the two parts into which 
the surface of the sphere is divided by the three smaller arcs joining, by 

D 

#^ or T>sK^"*\^T -. 
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26 INVESTIGATION OF THE FUNDAMENTAL FORMtJLA. 

pairs, three points on the sur£a,ce, and which are not on the same great 
circle.* In such a triangle, therefore, each side is less than a semicircle, 
70. To investigate the fundamental formula in spherical trigono- 
metry, let ABCt (fig* 16) be a spherical triangle, and S the centre 
of the sphere ; and let the sides opposite to the several angles A, B, C, 
be denoted by the corresponding small letters, a, b, c. In the 
planes, ASB, ASC, draw AD, AE, each perpendicular to AS, and 



• If through two points on the surface of a sphere, which are not diametri- 
cally opposite, a great circle be described, the points may be regarded as being 
joined oy either flie less or the greater of the two arcs into which the circle 
IS divided at the points ; and, hence, we have one reason for the limitation in 
the text. Another reason is, that while this limitation simplifies the theory, 
it excludes no arc or angle which it is ever necessary to consider in tiie prac- 
tical a])plication of spherical trigonometry. Besides this, if the triangle men- 
tioned in the text be determine^ everything that is excluded by the limitation 
flows from that triangle, without any new mvestigation. — See the scholium at 
the end of this section. 

The following remarks and illustrations will assist the student in under- 
standing the theory of spherical trigonometry. 

1. If from any point in the line which is the common section of two planes, 
and which (Euc. Al. 3) is a straight line, two perpendiculars to that tine be 
drawn, one in each plane, the angle of inclination of the planes is the same as 
the angle contained by these perpendiculars. Hence it is obvious, that a spheri- 
cal angle is the same as the mcunation of the tangents of the containing sides. 
It may also be remarked, that the plaiies of the sides form at the centre of the 
sphere a triedral solid angle, the inclinations of whose planes are the same as 
the angles of the triangle ; and the plane angles made by the radii, or com- 
mon sections of the planes, are measured by the sides of me triangle. 

2. Every section of a sphere by a plane is a circle. For, if the plane pass 
through the centre, — since, by tne definition of the sphere, all its radii are 
equal, — ^the section is obviously a circle. But if it do not pass through the 
centre, a perpendicular to it from the centre will cut it in a point equafly dis- 
tant (Euc. I. i.1) from all points of the boundary of the section : and that 
boundary is therefore the circumference of a circle. A circle whose centre 
is not the centre of the sphere is called a small or a less circle, 

3. Since the planes of all great circles pass through the centre, the common 
section of any two is a diameter; and hence all great circles bisect one another. 

4. If a straight line be drawn perpendicular to any circle of the sphere 
through its centre, it cuts the surface in two points called the poles of that 
circle. Hence (Euc. I. 47) either pole of a circle is equally distant from all 
points of its circumference ; also, if great circles be drawn through the poles, 
the arcs of them between the circle and either pole are (Euc. IH. 28) all equal ; 
and, in case of a great circle, each of these is the arc of a quadrant. 

t The learner, to assist his conception, may readily make a figure of a conve- 
nient form in the following manner: On a piece of pasteboard, describe, with 
a radius of 2 or 3 inches, an arc of about 190°, marking the centre with S, and 
each extremity with A, and draw tangents at the extremities ; then divide the 
arc into three portions, AB, BC, and CA, of about 54**, 72**, and 64**, respec- 
tively ; draw the radii SB and SC, and produce them to meet the tangents 
already drawn in D and E, and join DE. Then, let the pasteboard iS cut 
half through in the lines SD and SE, and the parts ASD, ASE be turned 
up on the opposite side, till the two radU AS coincide, and the diagi'am will 
be finished; S being the centre of the sphere, and ABC the triangle. The 
sides here employed ai-e chosen conformably to the note to No. 13. 
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INVESTiaATION OF THE FUNDAMENTAL FORMULA. 27 

let them meet SB, SC produced in D and B. Now, if r be put to 
denote the radius of the sphere, we have (No. 1) the following expres- 
sions for the angles at S : 

BSC = -, ASC=-, and ASB=-. 
T T r 

In these, we may evidently take r =1 ; that is, we may take the radius 
of the sphere, as the unit to which all the other magnitudes, the arc.°, 
sines, tangents, &c. shall be referred. On this supposition, we shall 
have BSC=a, ASC = 6, and ASB=c. Hence, also, since r=l, 
we shall have (No. 7) AD=tanc, AE=tan6, SDi=:secc, and 
SB = sec 6. But (78) in the triangle DAB, 

PE3=EA2+AD2_2 BA.AD cos DAB, or 
DE2=tan26+tan2c — 2tan6 tanc cos A. 
In a similar manner we obtain from the triangle DSB, 

DB2=sec2& + sec2c — 2sec6 secc cosa; or (7) 
DB2=2 + tan26+tan2c — 2sec6 secc cosa. 
By equalling these values of DB^, rejecting the common quantities, 
transposing, and dividing by 2, we find 

sec6 secc cosa=tan6 tanc cos A+1 ; or (1) and (3) 

cosa sin 6 sine cos A - 

cos6cosc cos 6 cose ' 

whence, by multiplying by cos 6 cose, we obtain 

^cosac=isin& sine cosA+cos& cose. 
Hence it appears, that(iA€ cosine of one side (and it may obviously 
be any side) of a spherical triangle^ is equal to the continual product 
of the cosine of the opposite angle and the sines of the other sides, to- 
gether with the product of the cosines of those sides,') We have, there- 
fore, the three following formulas, which exhibit the relation between 
the three sides and any of the angles, and from which all others rela- 
tive to spherical triangles may be derived: 

cosar=cosA sin6 sin.e + cos.6 cose* (85) 

cos6 = cosB sina sine -(-cosa cose (86) X 

cos-c=cosC sina sin 6 -|- cos a cos 6 (87) ^ 

* 1. From any of these formulas we may infer, that, with the limitation in 
No. 69, one side is less than the sum, and greater than the difference, of the other 
two, ThuB, (14) COB (6-f-c)=cos-6 cose — smb sm.c, which is always less than X ' 
cost cos/?-|-cosA sin b smc, the value of cos a, since cos A cannot he — 1, every / 
ansle beins less than two right angles. But the less arc has the greater cosine, 
if Uie arc M less than, a semicircle : therefore 6-f- c > a. From each of these 
take b, then c > a — b. 
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28 AN ANGLE FOUND FROM THE THRiBB SIDES. 

71. From the first of these, by transposing gos5 cos c, and (lividing 

bj sin 6 sine, we obtain 

. cos a — cos 6 cod 

cosA= — — i— ,— . ; ' 

sm sm c 

a formula, which, bj means of natural sines, would enable us to find 
an angle, when the thi-ee sides are given. 

72. To obtain foilnulas fitted for logarithmic oomputation, we get 
from (85), by transposition, 

cos A sin 5 sin c = cos a — cos 6 cos c. 

Subtract the members of this from sin h sin c, and likewise add them 

to it: then 

(1 — cos A) sin 6 sin c = cos 6 cos c + sin h sin c — cos a, and 
(1 + cos A) sin h sin c =:cosa — (cos h cos c — sin 6 sin c) ; 

or, by (32) and (31), and by (15) and (14), 

2 sin^^ A sin 6 sin c = cos (h — c) — cos a, and 
2cos2^A sin 5 sinc=cosa — cos(6 + c). 

By modifying the second members of these by (23), and halving the 

results, we obtain 

sin^^A sin6 sinc = sin^(a — 6 + c) sinJ(a + 6 — c), and 
cos^^A sin6 sinc = 8ini(a + 6 + c) sini(6 + c — a). 

In these, put a + 6 + c=2 5, as in No. 56 : then, by dividing by sin b 

sin c, and extracting the square root, we get 

. , . /sin(^ — 6)sin(^ — c) ,_^. 

coBiA=y?i^fc2) (89) 

2 ^ sm.6 sm c ^ "^ 

73. IHvide (88) by (89), and there will result, by (3), 



2. Hence, we may prove that ike perimeter is less than 360**, or 2*. For let 
h and c {fig. 11\ be_produced to meet m Dj then a <DB-f-DC ; add b and c; 
then a+6+c iABD^-ACD: but ABD, ACD, are (No. 69, note 3) each 
equal to 180**; therefore a4-64-c<360^ 

3. If tz and b be each ^i*, ^d cohsequently BkiaeAsindi^l, and cos a 
= cos 6=0, we shall have, from (86), (86), and (87), A=B=90^ and <? = C. 
Hence it appears that all ^eat circles passing through the pole of a great circle, 
are perpmaicuiar to that circle ; and the €ite of a 'great eircte intercepted between 
two great cirdes passing t^trougk its pok, is me mtamre of the angle contcdned 
hg those circles, 

4. From formulas (85) and (86). or those derived from them, it is easy to- 
show, that B=A, when 5= a, or that the angles at the base of an isosceles t/H^ 
angle are equal; as, by taking a and b equal, the valutes of cob A and cosB 
would become equal. 
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FORMULAS OF TIIE FOUR SINES. 29 

tauiA= / ""('-^^>f<V^ (90; 

In a similar mantier we shotild find 

tan4B=y ?°>(*7^> t'° ^^rf\ and tanjC =g V"" ^"T*) ^^~t . 
* V sm«sin(5 — 6) ' V sinssm(s — c) 

Dividing these by (90), we get 

p tan^B __ Mn(g — a)* tan^C sin(g — a) ^g, v 

u tan^A sin(« — 6) ' tan/^A sin(s — c) 

74. By multiplying the values of tan^B and tan^C in the last No. 
by the value of tan^ A, we get 

taniAtan^B= '^"^.'~'> ,andtaniAtan^C= '^''^.'~^^ .>.(92) 
sm s sin s 

75. Lastly, by taking twice the product of (88) and (89), we ob- 
tain by (30), and by some slight reductions, 

. . 2Vsins sin (5 — a) 8in(s— 6) sin(s — c) .^^. 

sm A=-" — ^' — ' 1. ' ^ ^~' ' (93) 

sm sm c ^ "^ 

76. Dividing (93) by sin a, we obtain 



sinA 2Vsing sin(g — a) sin(^ — 6) sin(g — c) 

sina sinasin6sino 

Now the second member of this equation is symmetrical in respect to 
a, &, and 0, since they all enter into it in exactly the same manner. 

It is therefore equivalent also to -r— =-, or — .- — ; and hence, 

smo smc 

sin A sinB sinC ,^.v 

sma sm6 smc ^ "^^ 

Hence» sina : sin A :: sin& : sinB :: sine : sinC; 
that iB, the ^ines of the sides of a spherical triangle are proportional 
to the sines of i^ opposite angles. Hence, also, by multiplying ex- 
tremes and means, we get 

sin A sin 6 = sin B sin a 
sinA sinosssinC sina 
sinB sine =sinG sin& 



* In this, if a> 5, the denominator is evidently greater than the numerator, 
ttlid laxm in the fint quadrant the greater angle has the greater tangent it 
follows that i A is > j^B, and consequently that A is also> B. It appears, 
therefore, tiiat the greater side has the greater angle opposite to it, 

t This would aI$o af^ar by finding, as in (Na 7l»), exDreesions for sin B 
and sinC, and dividing the first by sm6, and the second oy sine. The for- 
mulas marked (94) are sometimes called the Fommkis of the Four Sines. 
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30 ADDITIONAL FORMULAS. 

77. From (85), (86), (87), other important formulas may be ob- 
tained by elimination. Thus, to eliminate sine and cose from (85) 
and (87), multiply the latter by cos &, and substitute the second mem- 
ber of the result in the former: then, by transposing cosa cos^&, the 

' first member becomes cos a — cos a cos ^6, or (6) cos a sin* 6; and, 
after dividing by sin 6, there is obtained 

cos a sin h = cos A sin c -(- cos C sin a cos 6. 

Divide all the terms of this by sin a, and for -: — substitute (94) 

•^ sma ^ 

sinC ^v ,.v ^ 

cot a sin 6 = cot A sin C + cos .C cos.6. 

Hence, if we call a the first side, and h the second, it appears that, 
<J if the cotangent of the first side he multiplied into the sine of the second^ 
the product is equal to the cotangerU of the angle opposite to the first 
into the sine of the contained angle, together with the cosine of the con- 
tained angle into the cosine of the second side,^ Then, taking succes- 
sively, as first side and second, a and c, h and a, h and c, c and a, 
and c and h, and employing this theorem, we complete the following 
system : 

■IC cota sin6=cotA sinC-fcos.C cos 6 (95) ^ 

cot a sin c := cot A sin B + cos B cos c (96) 

(^ ji^ 'cot6 sina=cotB sinC-(-cosC cos a (97) 

cot& sino=cotB sin A-f-cos A cose (98) 

cote sina=cotC sinB-J-cosB cosa (99) 

^y^ cote sin 6= cot C sin A -(-cos A cos 6 (100) 

These formulas exhibit the relations between a side and the oppo- 
site angle, and another side and angle not opposite to one anoilier ; 
and they solve the problem in which two sides and the contained 
angle are given to find the other angles, and that in which a side and 
the adjacent angles are given to fi^d the other sides, the required 
part in each case being found by means of its cotangent; but they 
are not fitted for computation by logarithms. 

78. By feurther elimination, other formulas may be derived from the 
foregoing. Thus, to eliminate h from (95) and (97), multiply the 
former by sin a, and the latter by sin 6 cos G, modifying the products 
by (4) : then 

cosa sin&=:sinacotA sinC-l-sina cos& cosC, and 

sina COS& cosC=:sin& cotB sinC cosC + cosa sin6 cos*C. 
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POLAR TRIANGLE. 31 

In the former of these, substitute for sin a cos b cos C, its equal in the 
latter; transpose the last term of the resulting equation ; and then, by 
substituting in the first member sin^C for 1 — cos^C, and by dividing 
by sin C, we obtain 

cosa sin6 sinC=cotA sina + cotB cosC sin6. 
In this the term cot A sin a is (4) equivalent to — - — ^ — , and (94) 

cos A. sin& 
this is equivalent to — ^r— :^ — » Substituting this in the last equa- 
tion, dividing the result by sin h, and multiplying the quotient by 
sin B, we get 

cos a sin B sin C=cos A + cos B cos C ; or, by transposition, 
cos A=cosa sinB sinC — cosB cosC. 

Hence it appears, that the ^osine of an angle is equal to the con- 
tinual product of the cosine of the opposite side and the sines of the other 
angles, wanting the product of the cosines of those angles,^ We have, 
therefore, the following formulas, which exhibit the relations between 
the three angles and each of the sides : 

cosArrcosa sinB sinC — cosBcosC (101) ^ 

cosB=cos& sinA sinC — cosA cosC (102) X* 

cosC=cosc sinA sinB — cos A cosB ; (103) J ^ 

79. On comparing these with formulas (85), (86), and (87), we 
observe a close resemblance, sides being merely changed for the op- 
posite angles, and angles for the opposite sides, and one of the terms 
having the contrary sign. These latter equations, indeed, are the 
same as would be obtained by substituting in the others, ^ — A, 
cr — B, ^ — C, for a, h, c; and consequently ^ — a, ir — 6, ir — c, for 
A, B, C. Thus, (85) would become, by this substitution, cos (^ — A) 
=:cos(^ — a) sin(flr — B) sin(ff — C) + cos(ff — B) cos(ir — C); or, 
(No. 15) — cosA== — cosa sinB sinC — cosBx( — cosC); which, 
by having the signs of its terms changed, will become the same as 
(101). Hence, therefore, since equations (85), (86), (87), may be 
regarded as containing all the properties of spherical triangles, it is 
evident that a formula expressing any relation of the sides and angles 
being established, a corresponding one will be obtained by writing 
sides for angles, and angles for sides, and prefixing the sign minus to 
all the cosines ; or, which is the same, by applying the formula to a 
triangle which has for sides the supplements of the arcs which mea- 
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32 A SIDE FOUND FROM THE THREE ANGLES. 

sure the angles of the proposed triangle, and for an^es those whicli 
are measured bj the supplements of the sides of the proposed one. 
This triangle is called the supplementary or polar triangle* 

80. Equations (101), (102), (103), enable us to find, by natural 

sines and cosines^ the sides of a triangle, when the angles are given. 

mi 1. ^1 /. . ^ „ J • cos A + cos B cos C 

Thus, from the first of them we denve cosa=: . -p . ^ — . 

sin B sm C 

81. Formulas adapted to computation by logarithms may be de- 
rived from the same system by processes similar to those employed 
in Nos. 72, 73, 74, and 75. Thus, we get from (101), by transpo- 
sition, 

cos a sin B sin C = cos A + cos B cos C. 

Subtract the members of this from sin B sinC, and likewise add tliem 
to it: then , 

(1 — cos a) sinB sinC=: — cos A — (cosB cosC — sinB sinC), and 
(1-f-cosa) sinB sinC=cosA + cosB cosC+sinB sinC; 

or, by (32) and (31), and by (14) and (15), 

2sin2^asinB sinC= — cos A — cos(B + C), and 
2cos2^a sinB sinC=cos A + cos(B — C). 



• Let ABC (fy, 18) be a spherical triangle, and irom A, B, and C, as poles, 
let arcs of great circles be described intersecting each other in A', B', and C; 
A'B'C is the polar triangle. For, A being the pole of B'C, the arcs AB', 
AD, AE, &c. are each equal to 90°. For the like reason, CB', CF, &c, are each 
equal to 90**; and therefore, since B'A, B'C, are each equal to 90°, B' is the pole of 
the arc GACF. Hence, B'£=r90°; and it would be shown in a fidmilar manner, 
that C'D=:90°. Now, DE-|-B'D=B'E=90°, and DE4-EC'=DC'=90°; whence, 
by addition, DE-4-B'D-f DE-f EC, or DE+B'C'=180°. But (page 28, 
note 3) DE=A ; therefore B'C'=ir — A : and in a similar manner it might be 
shown that A'C'= <r— B, and A'B'= *— C ; and also that BC=ir-.A', AC=: 
*^B',andAB=«— C 

Any great circle dirides the surface of the sphere into two equal parts ; an- 
other mtersecting the first, divides the surface mto four lunes, the opposite ones 
of which are equal ; and a third great circle intersectinff both the former, not in 
the points in which they intersect each other, diyides the surface into eight tri- 
an^s, the four of which on iiie one hemisphere are respectively equafto the 
four sinularly situated on the otiier. Hence, if the circles of which A'B',* B'C, 
and A'C are arcs, were completed, they would form eight triangles. Of these, 
however, only A'B'C, and the corresponding triangle on the other hemisphere, 
have the property mentioned in the text ; each of the others having two side» 
the same as two angles of ABC, and two angles the ecune as two of its sides ; 
while only a side and the opposite angle of me one are supplementary to an 
angle and the opposite side of the other. 

The easiest mode of employing the principle above explained, which reduces 
the cases of spherical triangles to naif their number, is, not to consider the polar 
triangle, but to use sides for opposite angles, and angles for opposite sides, and 
to prefix the sign minus to the cosines ; or, when the halves of angles or sides 
occur, to use «• — A f<M* a, »r — a for A, &c. 
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Bj modifying the second members of these bj (22), and halving the 
results wte obtain 

sin^asinB sinCss— co»J(A + B + C)cosi(B + C— A), and 
cos4^ sin B sin C=:cosi(A— B + C) cos J(A + B— C). 

Hence, bjr putting A + B-fC = 2S, as in No. 56; by dividing bj 
sin B sin C, and extracting the square root, we get 

. , /— cosS cos(S— A)* ,^^^, n 

/cosfS— B)cos(S— C) n 

cosia=y ^J^^^ 2 (105) ]> 

82. By dividing (104) by (105), we find 

X 1 / — cos S COS (S — A) .,^^v 

tania=^ 7^ — ^v ^ .^ - ^^ (106) 

* ^ cos(S— B)cos(S — C) ^ ^ 

Also, by taking twice their product, we obtain 

. _ 2V~^os Sco8(S-^A) cos(S— B) co8(SlIC)t .,^^. 
smB smC ^ "^ 



• Since (No. 13) sin B and sin C ace positive, the numerator of the second 
member of this formula must also be positive, as otherwise the value of sinja 
would be imaginary. Now, the numerator will be positive only when cosS 
and cos(S — ^A) have contraJT signs. Of the quiurtities S and S — A, there^ 
fore, one, namely S— A, the less, must (No. 13) be less than 90**; while S must 
be between 90° and 270°. By doubling these, we find that 2 S, or the sum of 
the three angles is greater than two right angles^ cmd less than svc; and that 
2 S — 2 A, or B+ C — ^A, that is, the excess of the svm of two amgles above the 
third is less than two right angles. The remainder, S — ^A, or J (B + C — A), 
may be negative, since (No. 14) its cosine would still be positive; whence it 
appears, that one ofngle may he^eater than the sum of the other two, which is 
also the case in plane triangles. Some of these concIusiDns might be easily 
derived firom considering the polar triangle in' connexion with the notes to 

t The last four formulas may be derived from (89), (86), (90), and (93), by 
means of the supplementary triangle. Thus, by the sabstitudon of ir— a for a, 
*— A for a, &c. (89) wiU hecome 

*^ ' ^ 8m(ir— B) sm(a-— .C) 

which, by contraction, wiU become the same as (104). 

By finding expressions, by (106), for tan J6 and tanjc, and by first dividing 
them, and then multiplying them, separately, by (106), we should get 

tan|& cOs(S— B) . 

tanio"" co8(S--.A) ^^' 

tan^<?cos(S — C) y,. 

tania""cos(S— A) ^ ^ 

taniataniftsr— ^^^^5 — 7^ * («) 

' * cos(S — C) 

£ 
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83. We may now proceed to investigate four remarkable expres- 
sions, known by the name of Napier's analogies, from their haying 
been discovered by Baron Napier, the inventor of logaritiims. To 
effect this, take the members of (101) from those of (102)^ and there 
wiU remain 

cosB — cos A= sin C (cos 6 sinA— cosa sinB)+cosC (cosB — cos A); 
or, by transposing the last term, 

(1 — cosC) (cosB — cos A) = sin C (cos 6 sin A — cosa sinB). 
By modifying this by (32) and (30), and dividing by 2sin2^C, we 
obtain 

cosB — cos A=cot^C (cos 6 sin A — coso sinB). 

Dividing this successively by sin A — sin B and sin A + sin B, we get, 
by {27) and (28), 

X li'A , T>\ i.i/N cos 6 sin A — cos a sinB ' 

tani(A + B)=cotiC. : — x . _, ■ , and 

*^ "^ ' smA — smB 

X ^ • A T»\ ^ , ^ cos 6 sin A — cos a sin B 

tani(A— B)=cotiC. ^ . . . .p . 

^^ ^ ^ smA + smB 

Multiply the numerators and denominators by sin c ; in the results, 
in both the numerators and d^iominators, for sin A sin c and 
sinB sine, substitute (No. 76) sin a sinC and sin 6 sinC; and 
divide the numerators and denominators by sin C : then 

X i^A . -Dx .|>Msinacos6 — cos a sin 6 , 

tani(A + B)=cotiC. ; r-r- , and 

*^ • ^ * sma — smD 

... _. , , v^ sin a cos h — cos a sin h 

tani(A— B)=cotiC. ; , . , . 

^^ "" * sma + sm6. 

Modify the numerators by (13), and to the results apply (34) and 
(36): then 

^ - tonKA + B)=cotiC.5^ig=|*. , (108) 

. tani(A_B)=cotJC.^ig=^> (109) 



^ 1 ^ ■. — cosS 
^i«*^i^=c-SiTS=B) (^) 

These formulas correspond to (91) and (92), but they are of little practical im- 
portance. 

• From this formula we may infer, that hcdf the sum of two sides of a spheri- 
cal triangle, and half the sum of the opposite angles, are of ^ same species, 
that is, are either each less or each greater than 90^ For (No. 69) any side of 
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By taking the diffidence of the members of (86) and (85), and bj 
a prooess similar to the foregoing,* ve should obtain 

* 1/ . 1.x * 1 co8i (A— B) „.„ 1. 



(110) 



tanK«-&)=ianic.f 1^ (lll)t J " 



a triangle, and consequently the difference of any two sides, bein^ less than a 
semicircle, and any angle heins less than two right angles, cos|(a — h) and 
cot|0 must (No. 13) both oe positive: and from this it follows that 
tan|(A+B) and cos}(a-j-&) must naye the same sien, which can take place 
only when i( A-j-B) and iid^-h) are both greater orboth less than 90®. It is 
also evident, that if the sum of two sides a and h he 180®, the svm of the oppo- 
site angles is the same. For, in that case, cos J {ar{-h ) = cos 90®=0, wmch renders 
the second member, and consequently the nrst infinite; so that (No. 10) the 
first member ia the tangent of 90®. 

* The only difference is, that sides and angles are mutually interchanged; 
and that, after the transposition, there is 1 + cose, instead of 1 — cos C. 

f The foregoing investi^tion, which the author believes to be new, is very 
direct and sunple, employing only the common elementary formulas. The 
following, whicn is taken in substance from a work on trigonometry by Mr. 
Luby of Dublin, possesses much elegance, but it is more tedious from the 
numoer and variety of the reductions and preparatory processes which it in- 
volves. 



By (88) and (89) we have 

I. «niA= V?i5L(±4«^(fn) 
* V^ sm6 smc 

IL «mtB=V''^<^)''?<*-^> 
^ Sr sma smc 

IlL riniC=V ^^<V>»^ itr*) 
V^ sma sm6 

Tagng the products of I. and V., of IV. and IL, of IV. and V., and of I. 
and IL, and applying VI. to the first and second products, and IIL to the 
third and fourth, \f e obtain 



IV. co8}A= V55£^ 
'* Sr sm6 su 

V. cosJB=:^! 

VL cos|C=V«^^.^^^f7-l) 
V^ sma sm6 




sine 
' sina sin {s — h) 
sin a sine 



VILsinJAcosJB=' 



Mn(»— ft) 



smc 



.cosJC 



IX. cosiAcosiB=?^.8inJC 
* smc * 

X. sin JA 8miB=:55^±=£).ghijc. 



VUL cosiAsinJB=?^i?=^lcosiC 
smc ^ 

^^®J?i? 5?^ *°^ difference of VIL a»d VUL, and of JX. and X.,.and 
modify the first members by (12), (13), (16), and (U), and the numerators of 
the second nambers by (20) ajid (21), using \{a+h+e) for s, i(a+6-.c) for 
«—c, &c. and 2 smic cos ic for sinci and there will arise 

Xm. cosi(A-B)=5^.sini(a+ft) 
sinjc 2^ I / 

XIV. cos}(A-f B)=^^.cosi(«+&) 

Now, ( 1 08) and ( 109) will be obtained by dividing XL by XIV., and XIL by 
XIIL; and if XIIL be divided by XIV., and XIL by XL, (110) and (HI) wiU 
be found by multiplying the quotients by tiui^c. 



XL sml(A+B)=22!i^.cosi(^^-*) 

cos yC 

Xn. sinJ(A— B)=52!i^.smJ(<^-6) 
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36 BIOHTANGLED SPHERICAL TRIANGLES. 

84. The formulas that have been investigated in the foregoing 
articles famish the means of resolving all the elementary cases of 
spherical triangles. When applied to rightangled triangles, they take, 
in general, a simpler form» some of the terms vanishing in consequence 
of containing the cosine or cotangent of the right angle. 

Thus, if C be a right angle, we have (No. 10) cos 0=0, cotC=0, 
and sinG=l; and in this case (97) will become cot& sina=cotB, 
or, by multiplying by tan5 (5), sina=tan6 cotB; while, from the 
first and third parts of (94), we derive sina=rsin<; sin A. 

From (103), by transposition, and by dividing by sin A sin B, we 
obtain cose = cot A cot B; and from (87) we derive at once cosc = 
cos a cos &. 

From (100), also, by dividing by cos b, we obtain cos A=:tan h cote; 
and (101) gives cos A = cos a sinB. 

These results may be conveniently arranged in the following form : 

sina=tan& cotB = sinc sinA (H^) 

cose rrcotA cotBncosa cosh (113) 

cosA=:tan& cote =cosasinB (114) 

85. From these formulas, by supplying the radius, we have the 
following theorems, which ara sufficient for the resolution of all the 
elementary cases of rightangled spherical triangles. 

I. The rectangle under the radius and the sine of one of the legs, 
is equal to the rectangle under the cotangent of the adjacent oblique 
angle and the tangent of the other leg, or to the rectangle under the 
sines of the opposite angle and the hypotenuse. 

II. The rectangle under the radius and the coisine of the hypote- 
nuse, is equal to the rectangle under the cotangents of the oblique 
angles, or to the rectangle under the cosines of the legs. 

III. The rectangle under the radius and the cosine of one of the 
oblique angles, is equal to the rectangle under the tangent of the ad- 
jacent leg and the cotangent of the hypotenuse, or to the rectangle 
under the cosine of the opposite leg and the sine of the other obhque 
angle, 

86. Several useful formulas respecting oblique-angled triangles may 



Another investigation might be had by means of (90) and (106)^ and of the 
>™^ tani(A±B)=^j^|^^^, (39) and 
vestigations will be found in tiie. works on trigonometry. 



formulas tan i (A ±3)= ^^ ^^^^^3 , (39) and (40);'and other in- 
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be obtained by drawmg their perpendiculars, and applying the for- 
mulas last found. Thus, let AD (^. 20) be perpendicular to BG. 
Then, putting (p to represent CD, we have BD=c» — p; ajod (No. 
85, III.) 

cosC = cot6 tanpt whence (5) 

tanp = tan5cosC ...(115) 

87. By considering 6, p, and AD, in one of the rightangled tri- 
angles, and c, a — p, and AD, in the other, we have (No. 85, II.) 
cos6 = cosp cos AD, and cose = cos (a — p) cos AD ; by dividing the 
latter of which by the former^ we obtain 

cosc_ cos(a— p) .^^^. 

cos6 cosp ^ "^ 

Hence it appears that the cosines of the seginents intercepted he- 
tween the perpendicular and the extremities of the base are propor- 
tional to the cosines of the adjacent sides of the triangle, 

88. If we now consider p, C, and AD, in the one triangle, and 
a — p, B, and AD, in the other, we get (No. 85, I.) sinp = 
cotG tan AD, and sin (a — p)=cotB tan AD; whence, by dividing the 
former by ^e latter, we obtain 

sinp cotC^ 

sin (a — p)""cotB' 

or (5), by multiplying the nimierator and denominator of the second 
member by tan B tanC, 

sinp _ tanB ,.-. 

sin(flk^)""tanC ^ ^ 

Hence, the sines of the segment of the hose are reciprocally pro- 
portional to the tangents of the adjacent angles* 

89. By denoting the angle GAD by ^, and consequently BAD by 
A — ^, and by considering 5, G, and O, we have (No. 85, II.) 

cos5=cotG coto, 
or (5) by multiplying by tanO, and dividing by cos 6, 

X ^ <50tG /-nox 

tan*= — r (118) 

cost 

90. Now, from G, O, and AD^ in the one trumgle, and B, A— 4», 
and AD, in the other, we obtain cos G:;; sin ^ cos AD, and cosB = 
sin (A — «>) cos AD; whence, by division, 

cosB^sjn^A-O) ^j^. 

cosG sin* ^ 
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Hence, the sines of the angles^ contained hy the ferpendicular and 
the sides, are proportional to the cosines of the angles at the hose, 

91. Bj like processes, and bj considering, finst, h, «, AD, and c, 
A — ^, AD; and then 9, *, AD, and a — f>, A — *, AD, we obtain 

cos<3> _tanc .^^q) 

cos(A — *) tan6 ^ 

tan(a— p) ""tanCA— *) ^^^ 

Hence, the cosines of the angles, contained hy the perpendicular 
and the sides, are reciprocally proportional to the tangents of the sides; 
and the tangents of those angles are proportional to the tangents of the 
segments of the base, 

SCHOLIUM. 

As was stated in No. 69, a spherical triangle has thus far been understood 
as being the smaller of the two parts into which the surface of a sphere is 
divided by the three smdUer arcs, which join, by pairs, three points on the 
surface, and not on the same great circle. In strictness, however, this view of 
the nature of a spherical triangle, though convenient in practice, is too limited. 
As an arc of a great circle (No. 12) may be increased without limit, so a side 
of a spherical triangle may exceed, not only a semicircle, but even an entire 
circle of the sphere. In like manner, if the half of any great circle continue 
fixed, while another semicircle on the same diameter begins to revolve about 
that diameter from coincidence, and thus to make greater and greater angles 
with the fixed one, as there is evidently no limit to the angular magnitude 
thus generated, it is plain that the spherical angle formed by the two semi- 
circles, may exceed two right angles, or any assigned magnitude whatever. 
It is unnecessary, however, to consider sides that exceed a. complete circle, as 
the extreme points of any such side will occupy the same positions, as when it 
is diminished by a circle : and, for a similar reason, it is unnecessary to con- 
sider any angle greater than four right angles. 

To enter into a minute consideration of the views thus opened up, w6uld 
be unsuitable to our present limits : but the reader who wishes to prosecute 
the subject will find a paper by the author of this work in the London and 
E dinburgh Philosophical Magazine for January, 1 83 7>in which the subject is dis- 
cussed at some length. It may be proper, however, to give here a few illustra- 
tions of the subject, and a few of the results established in the paper referred to. 

1. If in a spherical triangle, ^e angle A, and the sides b and c Qontaining 
it, be given, and if we make on the surfetce an angle equal to A, and the arcs 
AC and AB equal respectively to b and e, we determine the points B and C ; 
and since these points -may be joined by either of the parts of the great circle 
passing through them, there will be two triangles, each answering to the data, 
and differing in area by the surface of a hemisphere ; and they will be such, 
that if the third side of one be denoted by a, that of the other will be 2«''-a 
This agrees exactly with formula (85), which giyes the cosine of the third side 
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by means oiA,b,e ; and ( 1 ) cob a is the same as cos ( 2 ^t-^a). The remaming 
angles would be found by means of (98) and (100), and would thus have two 
values as they ought : and like results would be obtained by means of Napier's 
analogies, or any of the other modes of solving the third case. 

2. If the three sides a, b, e, be given, and if we take three points A, B, C, 
such that BC =0, AC = 6, and AB=<7, either of the two parts into which the 
surface of the sphere is divided by AB, BC, and AC, will be a spherical tri- 
angle, having its three sides of the given magnitudes, and consequently agreeing 
with the conditions of the question. It is plain, also, that if A, B, and C, be 
the angles of one of these triangles, the angles of the other will be 2fr — A, 
2ir — ^B, and 2** — C. This result agrees with that which is obtained by any 
of the modes of solving the first case. Thus, by (85), the angle opposite to a 
would be determined by its cosine, and would therefore be A or 2 «•— A. So 
likewise, since an angle and its supplement have the same sine, (88) will give 
I A for the one triangle, and at — } A for the other; the doubles of which agree 
with the result of (85). The same results would also be obtained from (88), 
by considering, that in consequence of the extraction of the square root, sin^ A 
may be either positive or negative, answering to which we should have either 
J A or — I A. By doubling tiiese we get A and — A ; to the latter of which if 
we add 2 «•, we get, by (9), A and 2 «• — A, as before. We have thus an expla- 
nation of the meaning of the double sign ±z before the square root in this 
formula; and a like explanation may be given in every similar case. 

3. When the sijde a, and the adjacent angles B and C are given, if we make 
the arc BC=a, and through its extremities draw BA, CA making with it 
angles respectively equal to B and C, the arcs BA, C A will again intersect 
in the point A' diametrically opposite to A ; and if b and c be put to denote 
the remaining sides CA, BA, drawn to the first intersection, those drawn to 
the other point A', will be b+ «• and c-j- «• ; results which (No. 18) agree with 
the values of b and c, that would be obtained from (97) and (99). The figure 
A'BC is not indeed a triangle, in the ordinary meaning of the term, as two 
of its sides intersect each other in a point between the vertex and the base. 
.Still, however, it is to be regarded, equally with ABC as answering the con- 
ditions of the proposed problem; which, expressed in other words, is simply, 
to find«the lengths of the arcs drawn from B and C to the point, or points, of 
intersection of those arcs. It will readily appear, also, that if A be the re- 
maining angle in the one triangle, the corresponding angle in the other wiU 
be 2* — ^A; and this agrees with what would be obtained from (101). 

4. Viewing triangles in this extended sense, we shall see, that, contrary to 
what is stated in almost all the books on trigonometry, each side of a spherical 
triangle is not necessarily less than a semicircle : that any side is not neces- 
sarily less than the sum, or greater than the diference of the other two : that 
the sum of the three sides is not always less than the circumference of a great 
circle : that the sum of the three angles is greater than .two right angles, and 
less than ten* (not than sia) right angles : and that the greater side may be 
opposite to the less angle. 

. * That is, if every angle, according to what is stated at the beginning of 
this ftcholimn, be taken less than four right angles. 
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IV.— RESOLUTION OF SPHERICAL TRIANGLES. 

92. Of the three sides and the three angles of a spherical triangle, 
if anj three be given, it will appear presently, that we are able to 
compute the remaining three by means of the principles established in 
the preceding section* This important problem presents the six fol- 
lowing cases : 

I. When there are given the three sides. 
II. The three angles. 

III. Two sides and the contained angle. 

IV. A side and the adjacent angles. 

V. Two sides and an angle opposite to one of them. 
VI. Two angles and a side opposite to one of them.* 

93. The first case, tn which the three sides are given, may be re- 
solved, by means of logarithms,! by any of the formulas, (88), (89), 
(90). To exemplify this, let, us supply the radius in the first of these, 

and we shall obtain 

. _^ /sm(s — 6)sin(s — c)r^ 

sm^ArrV — ^^ /, ."^ ^— ; 

-* smosmc 

or, as it may be expressed, 

sini A=v \ -r-rr.-: — .sin(5 — b) sin(5— «) l. 
^ (sin6smc v ^ v >'j 

By taking the logarithms of both members of this, we find (No. 50) 

logsiniA=iJ10 — ^logsmft-f-l^ — logsinc+logsm(a — 6)-|-logsin(s— <?)JJ(122) 

In a similar manner, we find, from (89) and (90), 

log cos JA=i [ 10— log sin 6-|-10 —log sin c + log sma + log sin(5 — a) J ...... ( 123) 

logtaniA=:iJlO— Iog8in5-|-10— logsin(5— a)-|-log«in(s— 6)-|-logsin(s — c)J(134) 

This last formula,: expressed in words, gives the following theorem : 
1. Add the three sides together, and take half the sum. 2. Fromi 



After readii]^ what is ffiven in section V. regarding the areas of spherical 
triangles, the student wiu see, that the principles here explained wiU illus- 
trate Llhulllier's. formula, and others in that section regaroing the spherical 
excess. 

* Both the fifth and sixth cases might be comprehended in one, the same 
as the first case of plane triangles. By means of the polar triangle, also, the 
six cases may be r^uced to tmee, the same as in plane trigonometiy. 

f No mention is made here, or in the£>llowing cases, of any solutions except 
those by means of logarithms; the solutions by means of natural sines or tan- 
gents being now scarcely ever employed. 

t It is evident firom (No. 11), tha^ P being any arc or angle, we may use 
logcosecP — 10 instead of 10— log sin P, and log sec P— 10 mstead of 10— 
log cos P. 
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the half sum sabtraot suocessivelj the side oppositisr^^iS^^lli0'*T6^uire^ 
angle, and the sides containing it. 3. Find, from the tables, the 
logarithmic sines of the half sum and the three remainders. 4. Add 
together the sines of the last two remainders, and the complements 
to 10 of the sines of the half sum and the first remainder. 5. Take 
half the sum, and find iu the table of logarithmic tangents the angle 
answering to it 6. The double of this will be the required angle. 

The student will find it easy and useful to express (122) and (123) 
in like manner in words. 

A formula, for the same purpose, may be derived from (93); but 
it is of scarcely any use in practice ; because, besddes other inconve- 
niences, it fails in determining whether the angle is acute or obtuse. 

94. When one of the angles has been found by (124), the others 
are derived ttom it by means of (91), which gives 

logtan|B=logtan^A+logsin(fi — a) — ^logsin(« — 5)... (125) 
logtaniC=logtanJA+logsin(< — a) — ^logsin(«— c)...(126) 
From this it appears, that to the tangmt of ^ A, premously fotmd, we 
are to add the sine of s — a^ and from the iumto subtract smcessively 
the sines of s — h and s — c, to find the tangents of JB and ^C. 
This operation is extremely simple and easy, the sines of s — a, s—b, 
and s — c, having been all taken out of the tables in the finding pf A. 
In like manner we have from (92), 

logcotJBzzlogsias+logtan JA — ^logsin-(5 — c) (127) 

logcot/iCszlogsias+logtanJA — ^logsia(*— 5) (128) 

These formulas give the solution with equal fecility. 

When only one angle is required, it may be found perhaps rather 
more easily by (122) or (123), than by (124). Of these two formu- 
las, <122) is preferable when the angle is small, and (123) when it is 
large, as the half angles can thus be found with more accuracy from 
the oonamon tables.* 

It may be farther remarked, that when one angle has been found, 
the rest may be computed by the formulae of the Four Sines, though 
not nearly so easily as by (125) mi (126), or by (127) and (12i8). 

95. The second case, in which the three angles are given, may be 



* Thus, in tables cajried out to five pla,ees of decimals, 9*99998 appears as 
the sines of 89^ 241, of 89^ 31', and of all the intermediate aisles ; and the calcu- 
lator would have no means, by such tables^ of kno^wnmg which he should prefer. 
Be^dfes, even when the tnmutes might be determin^ the seobiMs, or other 
fractional parts of minutes^ could not be computed with any tolerable degree 
of accuracy by means of proportional parts, even with better tables, in the 
cases referred to. 

F 
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resolved bj means of the formulas in Nos. 81 and 82; and the re-^ 
marks in tiie preceding No. are applicable, with slight modifications, 
in reference to this case. 

96. In the third case, in which two sides and the contained angle are 
given, the other angles maj be found by (108) and (109). Thus; 
taking the logarithms of the members of those equations, we have 

logtanJ(A+B)=logcotiC+logco8i(<»— 6)— logcosi(a+6)...(129) 
log tan i(A— B)=logcot ^C+log sin ^(a— 5)— log sin i(a+ 6). . .(130) 

Half the sum and half the difference of the angles being thus found, 
^d thence the angles themselves, the remaining side may be com- 
puted by the rule of the Four Sines ; or, in a preferable manner, by 
finding ^c by means of (110) or (111). 

97. If, with these data, the third side only be required, as is often 
so in the actual application of spherical trigonometry, the solution will 
be e£S9cted with more ease by employing an auxiliary arc, according 
to (115) and (116). Thus, by supplying the radius and taking the 
logarithms, we obtain firom these formulas, 

logtanp=logtan6+logcosC — 10 (131) 

logcosc=logcos6+logcqs(a — f) — ^logcosp (132) 

It is evident that a and h might be mutually interchanged in these 
formulas, since they bear the same relation to the contained angle. 

98. In the fourth case, in which a side and the adjacent angles are 
given, the remaining sides may be found by means of the following 
formulas derived fi'om (HO) and (HI) : 

logtanK«+&)=logtanic+logcosi( A— B)— logcos^ A+B) . (133) 
logtani((»— &)=zlogtanic+logsin^ A— B)— logsm i(A+B) . (134) 

The sides being thus determined, the remaining angle may be found 
by the rule of the Four Sines, or, in a preferable manner, by means 
of (108) or (109). 

99. Should only the third angle be required, it is most easily found 
by means of the following formulas derived fi-om (118) and (119), the 
given parts being marked h, A, and C: 

logtan<I>=logcotC+10 — ^logcos6 (135) 

logcosB=logcosG+logsin(A — *) — ^logsinO... (136) 

100. In the fifth case, in which two sides a and h, and an angle, 
A, opposite to one of them, are given, the angle B opposite to the other, 
is found by the following formula derived from (94): 

logsinB=log8inA+logBin6— logsiua (137) 
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B being thus found, c and G will be determined by the following for- 
mulas, derived from (133) and (129) by transposition: 

logtanJc=logtani(o+6)+logcos^CA+B)^logcosJ(A— B)(138) 
logcotiC=logtan|(A+B)+logcos^(a+6)— logco8|(o— 5)(139) 

It is evident that (134) and (130) would give formulas answering 
the same purpose. 

101. The species of B, when not doubtful,* is known by the fol- 
lowing rule ; 

When the sum of the given sides is less than 180<^, the angle oppo- 
site to the less side is acute ; but when the sum of those sides exceeds 
180^, the angle opposite to the greater side is obtuse ; and, lastly, 
if the sum of those sides be 180°, the sum of the opposite angles is 
the same. When these principles fail in determining the species of 
the angle, it is doubtful.! 

102. The third side c might also be found by the following for- 



* It may be proper to remark here, that the required part^ either in plane or 
i^herical trigonometry, is neyer doubtful, except when it is found by means 
of its cone. To understand the reason of this, it is only necessary to consider, 
that if the required part be detennined by means of its cosine, it must (No. 13) 
be in the first quadrant if the cosine be positive, but in the second, if it be nega- 
tive : and the same holds when it is lound by means of its tangent or co- 
tangent. 

f This rule, which is taken in substance from Cagnoli, is derived from the 
first note to No. 83, and from the note to No. Y3. Thus, by the former note, 
if the sum of the sides be less than 180^, the sum of the opposite angles is also 
less than the same, and, therefore, at least the less of them is less than 90*^; 
but, by the latter note, the less is opposite to the less side, which establishes 
the first part of the rule. The proof of the second part is exactly similar, and 
the third part follows at once tcom the first of the notes referred to. 

The nature of this case^ when doubtful, will be illustrated by figures 21 and 
22 ; the angles A and A' m the former being acute, and in the latter obtuse. 
In the former figure, if the side a be less than either b or its sunplement C A', 
a small circle described at a distance from C equal to a would cut ABB' A' 
in two points B and B', and therefore there are two triangles, ABO, AB'C, 
either of which answers the conditions of the question. It will appear, from 
the other figure, that a like ambiguity will exist when a is greater than either 
b or its supplement. It is also plain, that in the former figure a mieht be so 
small, and in the latter so large, that the solution woiQd 1^ impossible, there 
being no triangle answering to the data. It appears, therefore, that wJien 
the gwen anale is cumte, there ia amAiigmty wHy when me opposite side is less 
thorn either the other side or its supplement; and that, when the given angle ip 
obtuse, there is anibiguity onltf when the opposite side is greater man either the 
other side or its supplement. When there is no arMgvityj the species of th^ 
required angle may be known by the jmnciple, that the greater aangle is o^pposite 
to the greater side. 
g^ven m the text^ 
circle merely touch . 
be no ambiguity. 
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mulae, derived from (115) and (116), by ohangmg .C into A, a into 
c, and e into a: 

logtanf=:logtan6+logcosA — 10 (1^0) 

IogG06(c — p)*=rogcofla+logcosp — logcost .... (141) 
The latter gives the difference of o and f ; and e will be the snm or 
difference of p and c — f , accordingly as (No. 101) A and B are of 
the same or of different species. If the species of B be doubtfhl, either 
the sum or difierence may be taken. 

103. The angle G, contained by the given sides, might also be found 
by the following formulas, derived fhnn Nos. 89 and 91 by making 
the necessary interchange of letters: 

logtan<I>=IogcotA+10 — logcos5 (142) 

log cos (C — ^<&)=logtan6+logcos<I> — ^logtana ... (143) 

When A and B are of the same species, G is the sum of ^ and C — ^ ; 

otherwise, it is their difference. 

104. In the sixth case, in which two angles, A and B, and a side, 
a, opposite to one of them, are given, the side, &, opposite to the other* 
is found thus, by (94) : 

log sin hzzlog sin a +logsin B — ^logsin A ( 144) 

Having thus found h, we may find c and C by (138) and (139). 

The species of h, when not doubtful, will be known by the ifoUow- 
ingrule: 

When the sum of the given angles is less than ISQ^, the side oppo^ 
site to the less is less than 90^; but, if the sum of those angles exceed 
180^ the side opposite to the greater angle is greats than 90^; and, 
lastly, if the sum of the given angles be 180^ the sum of the oppo- 
site sides is the same.t 

105. The angle G might also be obtained in the following manner, 
by (118) and (119), afto the necessary changes in the letters: 

logtanOsslogcotB+lO — logcosa (145) 

logsin(G — *)r5logsin*+logcoB A — ^logcosB ... (146) 



* Or f— «, whenf is greater than «; and the same is to be observed through- 
out this page and the next In like manner, instead of G — *y we are to use 
«'— O, when * is greater than G. 

f This rule is also taken in substanoe from Gagnoli, and is founded on the 
samej^nciples as the riUe giren in No. 101. 

If GB {fy. 21 and 22 Vbe equal to the ^yen side, A, and consequently A' to the 
opposite angle, and A&G to the other given angle; then, if from G two eqjud 
arcs, CB and CB', can be drawn to ABA', either of the triandes ABG, A'6'C 
will answer to the data of the problem, the angles ABG, aTB'G being equal 
in consequence of the equality of GB, GB'; and thus we have an iUustrMion 
of the nature of this case, when doubtful^ similar to that given of the fifth case 
in the note to No. 101. 
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^ and G — ^ are of the same or of different species, accordingly as (No. 
104) a and b are; also, the snm oi^ difference of « and G — <& is to 
be taken, acoordinglj as A and B are of the same or of different species. 

106. The side o, adjacent to the given angles, may be found thus, 
from (115) and (117), after duly interchanging the letters : 

logtanprslogtana+logcosB — 10 (147) 

logsin(c — p)=logsinf>+logtanB — ^logtanA ... (148) 
The arcs <p and c — p are of the same species or not, accordingly as a 
and h are ; and c will be their sum or difference, accordingly as A and 
B are of the same or different species. 

107. The resolution of rightangled triangles is effected much more 
easily by means of formulas (112), (113), (114), than by the princi- 
ples that have been just established. If we consider these formulas 
in connexion with the triangle ABC (fig, 19) rightangled at C, ne- 
glecting the right angle, and attending only to the five remaining 
parts (the three sides and the oblique angles), we shall perceive, that 
any of these parts that stands in the first column, in these equations, 
is situated, in the triangle, in the middle between the two parts in the 
second column, and that it is separated by these parts from those in 
the third column. It will also be perceived, that there are, in the first 
column, the sine of a leg and the cosines of the other parts ; in the 
second, the tangent of a leg and the cotangents of the other parts ; 
and in the third, the cosines of the legs and the sines of the other 
parts : and hence, supplying the radius in the first column, we may 
form the following general rule, which will serve for the resolution of 
an the cases of rightangled spherical triangles: 

I. Of the required part and the two given parts of the triangle, let 
that which is either adjacent to the other two, or is separated from 
them on each side by an intervening part, be called the mean; and if the 
other two be separated from the mean, let them be called remote parts; 
otherwise, let l^m be called adjacent parts. 

II. Then> with the exception mentioned below, the rectangle under 
tibd radius and the cosine of the mean, is equal to the rectangle imder 
the cotangents of the adjacent parts, or to the rectangle under the 
sines of the remote parts. 

III. Exception. When a leg is one of the parts, its sine, tangent, 
and cosine, must be used respectively instead of its cosine, ootangent, 
and sine.* 

* These rules are, in efect, the same as those generally known by the name 
of Nofm-'s IMes fw the Cm^wh/r Barte; hut ttioy we expiwsed somewhat 
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108. It will appear, from No. 104, that when the parts given are a 
leg and the opposite angle, the results are doubtfuL In other casea, 
the species of the required part is determined either by means of the 
sign (plus or minus) prefixed to its cosine, tangent, or cotangent; or 
by the principle (deducible also from No. 104), that a leg and its opr 
posite angle are of the same species. 

109. A tiiangle which has one of its sides a quadrant, is called a 
quadrantal triangle, or, by some, though not very properly, a recti- 
lateral trich^le. The general formulas, when applied to triangles of 
this kind, become as much simplified as in their application to right- 
angled triangles, and a rule similar to that given in No. 107 might be 
readily formed for their resolution. As such triangles, however, do 
not frequently present themselves, and as the use of them may be 
always avoided, it is unnecessary to give a special rule ; as it will be 
sufficient, in any paiidcular case, to obtain, in a rightangled triangle, 
a formula expressing the relation of the parts opposite to the two 
given parts and the one required ; and then to change, in the formula 
thus obtained, sides for the opposite angles, and angles for the oppo- 
site sides ; and to prefix the sign minus to the cosines, tangents, and 
cotangents. Thus, c being a quadrant, if A and B were given to find 
what has beei^ called the hypotenusal angle, C, we should have, by 
considering the three parts, a, h, and c, in a triangle rightangled at 
C, cosc=cosa cos 6; whence, by the changes above mentioned, wq 
obtain, in the quadrantal triangle, — cosCzrcosA cosB, or cosC 
=^osA cosB. The reason of this is manifest from No. 79.* It 
may be remarked, also, that whenever a quadrantal triangle occurs ii^ 
an investigation, there is some rightangled triangle which may be 



difierentlv, and will perhaps be found rather easier in practice, as they give the 
required formulas more directly. Belambre, in the valuable article on sphe- 
rical trigonometry, in the fiiit volume of his '^Astnmoime Thkoriqm et 
PraUque,'' discountenances the use of Napier's Rules* Those given above 
are free from some of the objections which he offers against those commonly 
employed ; and it is probable that few, except experienced calculators, would 
wisn to foreeo the use of so very convenient a help to the memory. The mere 
beginner wm perhaps derive assistance in discovering, in any particular case, 
which are the mean, the adjacent, and the remote parts, ^y writing, at nearly 
equal intervals round the curcumference of a circle, the several parts, a, b. A, 
e, and B. 

In Napier's Rules in their common form, the circular parts are, the legs; 
and the complements of the hypotenuse and the oblique angles : then, 1, ''The 
rectangle of the radius and the sine of the mean is equal to the rectangle of 
the tangents of the adjacent parts ; and, 2, to the rectangle of the cosines of 
the remote parts.'' 

• The following formulas, which may be derived from (112), (113), (114), 
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employed instead of it» and which will give the same results that 
would be obtained by means of the quadrantal one. 



EXAMPLES OP THE BESOLUTION OP SPHERICAL TRIANGLES. 



110. Given aslOO^, 6=37° 18', and c=62<> 46'; to find the an- 



By adding the three sides together, we obtain 200° 4', the half of 
which, 100° 2', is s. Then, taking from this, first a, then 6, then c, 
we find s—a=2\ ^—b=62^ 44', and «— c=37° 16'; and the angle 
A is found by (124) in the followmg manner: 



Bins 




100« 2' 


9-99331' 


Bin(«— a) 




2 


6-76476 


Bin{5— 6) 




62 44 


9-94884' 


sin(«— c) 




3716 


9.78213 




2)22-97290 


tan J A 




88^ r63" 


11-48646 


- 


A= 


=IW W 46'' 





} 



9ubt. 



Then, according to (125) and (126), we have taniA+sin(5 — a) 
= 11-48645 + 6-76476= 18*25121; and taking from this, first, 
sin(«— 6)=9-94884, and, secondly, sin(5— c)=9-78213, we find 
taniB=8-30237, and tanJCr: 8-46908: whence, by the tables, we 
get|B=lo 8' 57", and iC=l° 41' 13", the doubles of which are 
B=2° 17' 64", and Cs:3° 22' 26". 

In the first part of the foregoing operation, as in many other com- 
putations in trigonometry, the method of performing addition and 
subtraction at a single operation, in the manner pointed out in No. 60, 
may be employed with advantage. 

As a check on the preparatory part of the process, it may be ob- 
served, that, as in plane triangles, the sum of the three i^mainders, 
s — a, 8 — 6, «— c, is equal to the half sum s* 



In the manner above mentioned, or from the general formulas of spheri- 
cal trigonometry, by taking o=90^, will resolve idl the cases of quadrantcd 
triangles : 

sinA=3 tan B cot 5= sinCsina 

cobC=: — cot a cot 6 = — cos A cos B 

cosa=:-— tanBcotCss cob A Bind 
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EXAMPLSS OF OOHPUTATION. 



The following are the computations of A by (122) and (123) : 





By (122). 




By (128). 




Biab 


3ri8' 9-Y8246> 

62 46 9*94898)®"^^ 


sinfr 


sris' 


9*78246 > 
9*948985 


sine 


»n<; 


62 46 


sin (a— 6) 


62 44 9*94884 


Biu« 


100 2 


9*99331 


sin(5 — c) 


81 16 9*78213 
2)19*99953 


8in(d- 


-a) 2 

2) 


6-76476 




17*02663 


sin} A 


88* r 9*99976 


coflJA 


88« 7' 53^ 


8*51331 


A= 


: 176° 14' 


A= 


176<> W 46"* 





f subt. 



HI. Given A=I39« 27', B=53« 39', and C=:Z4P 5'; to find the 
sides. 

Here we have S=113'> 35'^. S— A=— 25<> 51'^, S— B=59° 56'^, 
S— C=79o 30'i; and by means of No. 81 or 82, we find a= 
1260 34', 6=960 46', and c=43o 49'. 

112. Given A=42o 43', 6=45° 51', and c=14lo 17'; to resolve 
the triangle. Here, by taking the sum and difference of c and b, and 
halvmg them, we get^(c+h)=93^ 34', and i(<j_6)=47o 43': and 
the half of A is 21o 21'^. Then, by (129) and (130), 
logtani(C+B)=logcot^A+logcosi(c — 6) — logcos^(c+ 6), and 
logtan^(C — B)=logcotJA+logsin^(c— 6) — log sin ^(c+ 6); 

whence, by performing the actual operation, we find i(C+B)z= 
920 4/^^| and ^ (C— B)=62o ll'i; and by taking the sum and dif- 
ference of these, we get C=154« 15'J, and B=:29o 53'. 

113. To find the side a, we have, by (131) and (132), 

logtanf =:logtan64-logco8A — 10, and 
logGosa=logcos54-logcos(c-^)-^logcos9* 



* In this example, as A is very obtuse, the use of (123) is much preferable 
(No. 94) to that of (122); as the former enables us, even by tables carried to 
only five places of decimals, to find, by proportional paarto, tne result true to se- 
ocmds ; while the other does not give it, oy such tables, true even to the nearest 
minute, there being at least two sines such that we should not know which to 
prefer. In what follows, ihe answers will generally be given true only to the 
nearest minute. 

f In the equation firom which this is obtained, } A and |(c — b) being each 
less than 90* the cotangent of the former, and the cosine of the latter, are 
(No. 13) both ]X)sitive ; but iie+b) being greater than 90", its cosine is nega- 
tive. Hence, since the product of two positive quantities is divided by a nega- 
tive one, the quotient, tani(C-J-B^ must be negative, and therefore (No. 13) 
i(C+B) is greater than 90^ For a similar reason, in No. 113, a in both 
methods, ana^ in the second, are to be taken in the second quadrant, and are 
therefore the supplements of the values ^ven by the tables. It may be stated 
as a general j>rinciple, that an odd number of negative multipliers or divisors, 
or of Doth, gives a negative result ; while in other eases the result is ppsitive. 



Digitized by VjOOQ IC 



EXAMPI.E8 OP COMPUTATIOjr. 49 

From the &st of these we find f =s=37^ 7% by subtraotiiig which from c 
ire get c— p ==:l04o 9'|. We then obtam from the second a =;=102° 20'f 
We should also have ftom (131) and (132), 

logtanp=logtanc+logcosA — 10, and 
logcosa=logcosc+logcos(6 — p) — logcos^ ; , 
from which we should find p=149<> 30'i, 5— p=— 103° 39'J,* and 
a=102® 20% as before; these variations thus verifjing one another. 
When B and C are detennined, as in No. 112, by Napier's analogies, 
a may be computed (No. 104) by either of the following formulas; 
log sin a = log sin A +log sin h — log sin B 
logsino=logsinA+logsinc — logsinC. 
These formulas fail, however, in determining the species of o.t It is 
better, therefore, to use one of the following, dmved from No. 98 : 
logtania=logtani(c+6)+logcosJ(C+B)— logoosJ(C— B) 
logtan|o=logtani(o— 6)+logsin|(C+B)— logsin|(C-^B), 

114. Given a=:46o 16', &=73« 8', A=37^ 54'; to resolve the triangle. 
Here we have (137) log sin B = log sin 5 -flog sin A **^ log sin a; 

whence B=54» 27', or 125° 33', the rule in No. 101 failing to deter- 
mine the species of B, the sum of the given sides being less than 180^» 
and the angle opposite to the less being Hie ^i«)m angle. Now, £l*om 
(138) and (139), if B be taken =:54*> 27', we find c=100« 16', 0nd 
Cac=123o 13'; but if B=125o 33', we fifad c=37° 41', and C=s3P 19'. 
Were Uie angle C the bnly part required, we should find (142) 
O == 770 16'i, and (143) the difference of C and «> = 45^ 67'. Hence, 
since this example belongs to the doubtftd case, C will be either the 
sum or difference of these, and will be found to be nearly the same as 
before. In a similar manner c might be found by No,. 102, 

115. Given C=90«, a=:133<> 4', and AaalUo 37'; to find c, h, and B^ 
Here, in finding the hypotenuse c, a is the mean, and A and c 

are the remote extremes ; and therefore, by No. 107, or formula (112), 
rsin^iss^in A sine, or, by taking the logarithms, and l^ansposin^^ 

logsinc=logsina+10 — ^logsinA, 
an equation which (No. 104) gives c=51« 48', or 12S^ 12'. 

* By No. 14, the cosine of this is th^ same as that of the positive are 
103® 39'J. In practice, indeed, in this problem, it is sufficient to employ the 
difference of b and ^, wkhdqt Attending to its sign. 

f It is s<Hnewhat.cuTioUs that the tv& gi^en iS No^ 104 always detsmtlnes. 
In the sixth case, the species of the required side, when it is not doubtful; ana 
yet that, as in the present mstance, it sometimes £ftils in the third ease, when 
solved in the method last pointed out, though that case can never be doubtful, 
7his eircumstance forms a strong obj^cticm to the use of this method, in finding 
the remaining side, either in the third or fourth case, or in the second* 

G 
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EXEBGI8ES FOR PRACTICE. 



In findiug h, that side is the mean, and a and A are the adjacent 
extremes. We have, therefore (No. 107), r sin 6= tan a cot A; whence, 
bj taking the logarithms and transposing, we get 
log sin & = log tan a +log cot A — 10, 
an expression which gives 5=25® 5', or 154P56\ 

Lasdj, in computing B, A is the mean, and a and B are the re- 
mote extremes; wherefore (No. 107), rcosA=:sinB cosa. Hence, 
by taking the logarithms and transposing, we obtain 

logsinB=logcosA+10— log cosa; 
whence B=32<> 39^, or 147° 21'. 

EXERCISES IN SPHERICAL TBIOOKOMETRT. 



• This may be found by subtraction, according to No. 104, since the sum of 
the given anffies is 180^ 
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GiTCII. 


Anawen. 




01v«n. 






Aosven. 


1. 


a = 56Mr 


A = 62<>32' 


9. 


B = 


146<> 


12' 


a = 


112<»39' 




b = 147 33 


B = 145 5 




= 


40 


40 


e = 


43 39 




e =: 113 48 


C = 79 33 




b =r 


143 54 


A = 


60 37 


2. 


A = 47 9 
B = 136 31 
O £= 88 34 


a = 16 24 
b = 164 36 
e = 157 23 


' 








or a 5= 
€ = 
A = 


9 27 

136 21 

8 56 


d. 


a rs ^ 41 


A = 133 15 


10. 


A = 


90 





a = 


91 42 




b = 153 SO 


B s: 160 39 




B =: 


95 


6 


b = 


95 23| 




= 140 23 


c = 130 50 




= 


71 36 


c = 


71 31i 


4. 


a = 71 45 


A =z 70 31 


U. 


a = 


6Z 19 


A = 


66 40 




B = 104 5 


b = 103 17 




b = 


35 23 


B = 


41 32 




C = 83 18 


c = 86 41 




C = 


90 





e = 


60 51 


5. 


a = 136 25 


A = 133 19 


12. 


A = 


75 36 


e = 


31 51 




e = 125 40 


B = 62 6 




B = 


90 





b = 


68 lOj 




= 100 


& =: 46 48 




. a = 


64 


3 


C = 


34 38 


e. 


b = 124 53 
<? =r 31 19 
B =3 16 36 


a = 155 S5\ 
C = 10 19i 
A = 171 48i 










ore = 
b = 
C = 


148 9 
111 49| 
145 23 


7. 


a = 115 28 


A = 59 39 


13. 


a = 


3 





A = 


36 54 




6 cs 60 29 


= 173 43 




b = 


4 





B=: 


53 10 




B = 56 17 


e =: 172 23 




e = 


5 





C == 


90 3 






or A = 120 21 


14. 


a t= 


30 





A r= 


40 39 






C = 72 62 




b = 


40 





B = 


56 53 






e t= 88 53 




e = 


50 





C = 


93 41 


8. 


A = 103 16 


a 5= 149 53* 


15. 


a = 


60 





A = 


56 52 




B = 76 44 


. c = 164 50 




b = 


80 





Brr 


73 13 




6 = 80 7 


:= 149 30 




= 


100 





C = 


107 47 
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v.— MISCELLANEOUS INVESTIGATIONS * 

116. From the three sides of the spherical triangle ABC (fig. 20), 
the segments of the base made bj the perpendicular AD may be 
determined in the following manner, without calculating the angles : 
Putting CD=p, we have (No. 87) cos(a — <p) : cosf : : cose : cos6; 
whence we obtain, by composition and division, cos (a — p) + cosp : 
cos(a — p) — cosp : : cosc+cos6 : cose— cos6, or 

cos (g — p) — cos 9 cosc-^cos6 

cos(a — p) + cosp cose + COS 6' 
which, by (25) and the note to (5), becomes 

tan^a tan(p— ia)=tani(6+c) tani(6— c)... (149) 
By converting this into an analogy, we obtain tan^a : tan^(&+o) : : 
tani(6 — c) : tan(9 — \a). The quantity (f> — \a is the distance 
from the middle point of BC to the point D. Since f — \a is found 
by its tangent, it may (No. 13) be taken, if positive, either in the first 
or third quadrant, and if negative either in the second or fourth.! 
The two values thus found will give the two points in which the per- 
pendicular, continued round the sphere, cuts BC similarly continued. 
The values of the segments will indicate whether either part of the 
perpendicular falls within the triangle. 

The segments of the base being thus determined, the angles of the 
rightangled triangles ADB, ADC may be calculated ; and thus we 
have another method of solving the first case, in addition to those 
given in the last Section. 

117. Putting the angle CAD=*, we have (No. 90), sin«> : 
sin (A — *) :: cosC : cosB; whence, by composition and division, 
by (24) and (25), and by the note to (5), 

cotiAtan(*— iA)=tan^B+C)tanJ(B— C)... (160) 



* The theory of the most usual modes of resolving the several cases of spheri- 
cal trigonometry has now been estabUshed. As many examples and exercises 
have suso been given, as will enable the student to effect the necessary compu- 
tations in any etementary problem in this important branch of science. It may 
now be proper to subjoin some curious and interesting matter of a miscellaneous 
kind, wnicn could not with propriety be introduced before. A considerable 
part of this will often be found practically uselul ; and the investigations will 
afford the student exercise in the application of the principles a&eady esta- 
blished* Should his time be limited^ nowever, or should he wish to stuay only 
those parts of spherical trigonometry that are necessary in astronomy, he may 
omit this section altogether. 

t When tan (^ — \a) is negative, one of the values of « — \a might be taken 
negative, and the other in the second quadrant. This, nowever, would make 
DO change in the final results. 
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ft2 RELATI0M8 OF BEOMEMTS OF THE BASE. 

The quantity ^ — ^ A is the angle contained by the perpendicular and 
the line bisecting A ; and obsenrations similar to those at the end of 
the la^t No. are applicacle with respect to the different values of this 
angle. We have thus another method of solving the second case. 

118. We have also (No. 91) cos(A — <S>) : cos* :: tan6 : tanc; 
whence, by composition and division, 

cos(A— *)— cos* tan 6 — tanc 
cos (A — *) + cos <l> tan& + taDc' 

Multiply the numerator and denominator of the second member by 
cos 6 cose; then, by modifying the result by (13) and (12), and the 
first member by (25), there is obtained 

tan(<l*~^ A) sin(6— c) 

cot^A "sin(6+c)*" ^ ^ 

This result affords an easy means of determining the pvts of the 
angle A; and thence, by tiie rightangled triangles ABD, ACD, we 
have another method of solving the third case. 

119. It was shown in No. 88 that sin^ : sin(a~-9) :: tanB : 
ttmC ; whence, by a process nearly the same as that employed in the 
last No. we obtain 

tan(p~i a) sin(B-C) 

tanja "~sm(B + Cy^ ^ 

This formula affords an additional method of solving the fourth 
case. 

120. Let AD (Jig, 24) bisect the anglQ A, and let CDe=6', and 
BD=c'. Then (94) 

sin 6 sin ADC , sine sinADB 

smo' smf A smc' sm^A 

But (No. 15) sinADB=sinADC: wherefore, 

sin6 sine , ^- sin6 sin6' ,,eo\ 

-:-T7=-: — „ and consequently -r- =-?--, ... (153) 
sm6' smc" ^ "^ smc smc' ^ "^ 

This result will be seen to be analogous to Euc. VI. 3 ; and it 
will furnish the means of computing the segments when the sides are 
given: for, by composition and division, and by (24), we have 

tani(6 + c)- tanio -^^^V 

121. If the exterior angle formed by producing h through A, were 
bisected by a great circle cutting the base produced in I>, and i 
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(iiy=h"y and BD'=o^ we should have by (94), since half the ex- 
terior angle is the complement of ^ A» 

sin& sinD' . sine sinlV , 

t j„ ag ^' 1 ■ ; , and -. ■■ ■■:= ^ ; ■; wnence, 
smi" cosjA smc" cos^A 

sin& sine , . .sin6 .sin6" . .,^^v 

. ,-» =-: — ^, and, consequently, —. — =; . ■ ' » ... (155) 

We should also find, by a process nearly the same as in tbe last No. 

tani(6— c) _ tanlg ,.«. 

tani(6 + c)— tan^(6"+c") •" ^ ^ 

122. Let AD (Jig. 25) bisect the side BC, and let the angle 
BAD=B', and C AD=C', Then (94), 

sine sinADB , sin 6 sin ADC 
and 



sin^a sinB^ ' sin^a smC 

Divide the latter of these by the former, and since (No. 16) sin ADB;= 
sin ADC, we get 

sin 6, sinB' •i».»^v 

-T— =-r-7^, (157) 

smc smC ^ 

From this we obtain, as in No. 120, 

toni(5~c),_ tan^(B--00 
tanf(6 + c)- tan^A - v^oo; 

The learner may exercise himself in extending the fonnulas ob- 
tained thus far in this section to the triangles formed by continuing 
the sides of the triangle ABC till they meet; and, by expressing the 
sides and angles of these triangles in terms of a, b, c, A, B, C, and ^, 
be will find analogous, and, in several cases, interesting results. 

123. Several formulas, remarkable for their synmietry, may be de- 
rived from (88), (89), (90), (93), and (104), (105), (106), (107), 
by finding the corresponding expressions in relation to 6, c, B, and C. 
In investigating these, for the sake of brevity, put 



Vsins sin(sr — o) sin(5 — b) sin(* — c)zsin, and 
V— cosS cos(S— A) oo8(S— B) cob(S— C)=r N. 

124. Let now the continual product of the values of sin^ A, sin^B, 
and sin^C (88) be taken, and there will result, by actual extraction 
of the square root, 

• lA • iTj • in sW*— a) sin(s — b) si n (a — c) ,,^qv 

smlA smiB smiCs -4 \ , r ^ -.,. (159) 

' * * sma smo smc ' 
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This, by multipljing the nmnerator and denominator by sin^, becomes 

Bm4AsiniBsin4C = -; .**'., . ...(160) 

smegma smDsmo 

125. In a similar manner, from the values of cos^ A, &o. (89) we 
obtain 

cosi A cosiB co84C= . ^^'V . (161) 

sma 6m6 smc ^ 

126. In like manner, by multiplying together tan^A, tan^B, 
tan^C (90), and contracting, we find 

teniAtan^B tm^C=^ '^^'-^'> ^^^J^^ ""('"^^ .. (162) 
Multiply the numerator and denominator by Vsin«; then^ 

taniAtaniBtaniC= .'^g (163) 

127. In like manner, from (93), we find 

8n^ 

sinA sinB sinC = -:r-r — . ., ■ . ■' (164) 

sm^a sm^o sm*c ^ -^ 

128. By processes exactly similar, we obtain from (104), (105), 
(106), and (107), 

• 1 • 11 • 1 — NcosS .,^^. 

sm^asm^6sm^c= . . . p . ^ (165) 

^ ^ ^ smAsmBsmC ^ '^ 

1 11. 1 cos(S— A)cos(S— B)cos(S— C) ..^^. 
cosiacosi6cosic=— J^ ,j;,A sinB sinC '" (^^^> 

cosia cosi6 cosic= _^^^g^^/^^3^^^, ... (167) 

* 1 X irx 1 / ' — COS'S COS^S,,^^, 

^^^^^^^^=-^ cos(S-A)cos(S-B)cos(S-C) =='ir<^^«) 

sma sm6 smc= ... . .^ . ,^ (189) 

sm^A sm^B sm^C ^ "^ 

129. From (164) and (169) we find 

n= J(sin»a sin^ft sin^c sin A sin B sinC)* ... (170) 
N=|(sin2A sin^B sin^C sina"sin6 sinc)i ... (171) 

130. Divide (170) by (171); then," 

n / sing sin 6 sine \i sing* sin 6 sine n79\ 

N""\sinA sinB sinC/ "" sin A ""sin B~'sin C **" ^ ^ 



* This expression and the two following, are obtained fix>iu the preceding 
radicfd, on the principle (94), that 

{ sing am6 sine \ ^_ / 8hi*a \ j /™!^\J^ /£!2l£\ J 
sinAsmBsmC/ - ism'A/ isin's/ ^ isin'C/ * 
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Hence, also, -: — r=-^ — » -r-r=r=-r-T, and-r-^rsr-: — (173) 

sinA sma sinB sm6 smC smc ^ 

131. From (93) and (107), we have 

sinA 2n , sin« 2N 

~ and- ~ 



sina sina sin6 sine' sinA sinA sinB sinC 

and, by equalling tlie second member of one of these with the recip- 
rocal of the second member of the other, we get, by multiplying by 
the denominators, 

4nN==sina sin6 sine sinA sipiB sinC (174) 

132. In this, substitute for sinA sinB sinC its value in (164); and, 
by contracting, there will arise 

N=^ ^4-7- (175) 

sma smo smc ^ 

By a like process we find, by means of (169), 

n= . A . p . rt *'" (176) 
smAsmBsmU ^ 

133. From (167) by substituting . j — for . ^ . ^ , according 

to No. 130, and by clearing the result of fractions, we obtain 
— cosS cos^a cos^J cos Jc sin6 sine sinArin^. 
But (93) sin 5 sine sinA=2n; by substituting which in the first 
member, and dividing by 2ncosia cos^& cos^e, we obtain, by re- 
storing the value of n, 

Vsin 8 sin(fi — a) sin(s — h) sin(s— c) __ n / 1 77\ 

~^^^ "" 2cos^acos^&cos^e 2cos^cos|6cos|e^ 

134. By a siroilar process we should obtain, from (160), 

.^ V—cosS cos(S— A )cob(S— B) coa(S--rrC) N .-^ . 

135. A curious formula, given by Cagnoli, may be thus investi- 
gated: Transpose the first term of the right-hand member of (85); 
multiply the result by cos A, and to both members of the product 
add sin & sine: then, the first member will contain sin & sine — 
6in& sine cos^A; and, substituting for this its equal, sin6 sine sin' A, 
we obtain 

cos A cosa+sin6 sine sin'A=sin6 sine+cos&cose cos A (z) 

From (101), also, we find, by a similar process, 

cos A cosa+sinB smC sin^assinB sinC — cosB cosC cosa. 



Digitized by VjOOQ IC 



5Q NEW SYMMBTRICAL FORMULAS. 

In the second term of this, substitute, accorcUng to (94), sin 5 sin A 
and sine sin A, for sin B sin a and sinC sin a, and there will ^se 
cos A cosa+Bin& sine sin^AssinB sinG-MSOsB cosC cosa. 
Hence, bj comparing this equation and equation (;er), we obtain 
sin6 sinc+cos5 cose cos A=:8inB sinC— -cosB cosC cosa* ... (179) 

136. By multiplying (85) by cosB cosC, and (101) by cos 6 cose, 
and by adding the residts together, we obtain, after transposition, 

cosa eosB cosC— cosA eosB cosC nab 8inc=— cosA. cosft coBc4-co8a toab cose sinB sinC (ISO) 

This formida, in common with (179) and other formulas of a similar 
kind, possesses, the property of not being changed by the substitution 
of •flr — A for o, at — B for h, &c. It is the same, therefore, in tri- 
angles that are supplementary to each other. 

137. If we now multiply (85) by cosa sinB sinC, and (101) by 

cos A sin 6 sine, and Subtract the latter product ftom the former, we 

shall have, after dividing by sin 6 sine, 

cos'a smB sinC - . cosa cost cose sinB sinC , . ^ ^ 

„. » -„ ^ — — cos'Ass . , . f-cosA cosB cosC. 

smb smc emb sine ' 

In this, according to (94), substitute -r-r- for . , ^^ ■ : then, by 
° ^ ^ sin^a sinb sane ^ 

writing 1 — sin^a for cos^a, there will arise (6) 

sin^A , cosa cos6 cos(j sin^A , * ^ ^ 

-T-r — --1= — ' r-r ^cos A cosB cosC ; 

sm^a sm^a 

N^ sin^A 
or, by substituting --r for -r-— -, according to (172), by multiplying 
91 sm a 

by n^, and, first, by transposition, and then by division, 

N*(l — costt cos6 cos<5)=n^(l4-cos A cosB cosC),^ 

N^ l+cosAcosBcosO I (181) 

n^ *^ 1— cos a cos & COSC ) 

From the former of these we get, by transposition, 

N* — n^rrN^cosa cos6 cose+n^cos A cosB cosC. 



* This formula containa v31 the six parts of the B]^ha*ical triangle, and ii re* 
markable for its symmetry ; the one member containing the sines or cosines of 
three parts, and tne other the respective sines or cosines of the parts respec- 
tively opposite, and the only difference being in one of the iiiins. Oagiioli'« 
investigation is founded on nearly the same principles as that ^ven above, but 
is perlmps, scarcely so simple. x)elambre investigates it by nndii^g two ex< 
pi^essions for the same fine--4>Be by meaos of thSn^ parts of the trii^nnle, and 
the other by means of the remaining parts. It is scarcely necessary to observe, 
that two corresponding formulas might be obtained fiom (66), (a7)» azfli (102), 
(103), or from tne pre^ding by changing the letters. Demmbre gives also 
yariotis o^er foftnulas ecmtaiiung each the tkree sides and the three angles. 
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Now, l)y(18),cos6 cosc=icos(6+c)+icos(6— o); and multiply- 
ing this by cosa, and applying the same formula, we find 

Gosa coBb co8c=4cos{a+ft+«)+ico8(— «+6+c) + Jco8(a— 6+c)4.4co8(a+6— c), or 
eosa emb co8c=: Jco82»+Jcos2(«— a)+ico82l«— *)+Jco82(«— c). 

Introducing this, and the corresponding value of cos A cosB cosC, 
into the foregoing value of N^ — n^, dividing the result by N^ andw*, 
and restoring the values of these quantities in the second member, we 

obtain 

eos2^cos2 (g~a)4-co82 (a— &)+cos2 {s—c) 



sins 8in(5— <e) sin (5 — h) 8m(5— -0) 
, cos2S+co82(S— A)+C082(S— B)+co82(S--C) 
"^ — C08S cos(S— A) cds(S— B cos(S— C) 



.(182) 



By alternately adding and subtracting unity in the numerators of 
this formula, we obtain, by (31) and (32), 

cos gg — sin^ (s — a) +co8^ (s — 5) — ^sin' (s— c) ^ 
sins sin(s — o) sin (5 — 6) sin(s — c) 
C08gS--sing(S— A)+cos^(S— B)— sing(S— C) 



J_ J; I 

n» N2-2 



(183) 



—cosS cos(S— A) cos(S— B) cos(S— C) 

It is evident that this formula will admit of several variations, 
according to the parts of the numerators which are increased or di- 
minished by unity ; and it would be easy to introduce various other 
modifications.* 

138. The foregoing formulas would furnish other expressions for 
nand N, and values for sins, cosS, &o. As the investigations of 
such expressions, however, present no considerable difficulty, they are 
left for exercise to the pupil. We may now proceed, therefore, to 
investigate the methods of determining the inscribed and circumscribed 
circles ; and we shaU thus obtain some curious and interesting results. 

139. Let D (Jig, 2^) be the pole of a circle inscribed in the spheri- 
cal triangle ABC, and E, F, G, the points of contact; and let DA, 
DB, DF, DG, be arcs of great circles. Then the angles at E, F, and 
G, ar6 right angles ; and, since DF is equal to DG, and DA common 
to the triangles ADF, ADG, the sides AF, AG are (113) equal, as 
also (112) the angles DAF, DAG. In hke manner, it would appear 
that BE=BG, and CE=CF. Hence, AF-|-BE-|-EC is half the 
sum of the sides, that is, AF-l-a=s; and consequently AF=s — a. 



* The formulas in this and the preo§ding No. the author has never before 
met with. Thi^ are curious, particularly those in the latter No. on account 
oi their complete symmetry. 

H 



Digitized by VjOOQ IC 



88 CIBOnilBORIBE]) OIBOIE. 

Now, if DF=r, the rightangled triangle AFD gives (112) tanDFss 
BinAF tanDAP, or, by (90) and No. 123, 

tanr= M^'-^^) ^^^(f—^) ^^(9—<0 ^ ^ /jg^) 

V^ sin^ sin« ^ '^ 

140. Dividing n in this formula bj the value of sins found from 
(161), we gefc 

n . n^ 

", or tan r^Z ^— t r^g r-pj — ; ;— := — ; — , 

Bins cos^A cosf B cos^C sina sin& sine 

In this, for n> substitute its value according to (175); then, by con- 
tracting, there will be obtained 

N . 2cosiAcosiBcosiC ,,o^. 

tanr= ^ . , . r^ ^7,, or cotr= 2 ^ 3_ ..(I85) 

2smiAcosJBcoBiC N ^ ^ 

141. If three circles were described, each touching one of the 

sides externally and the other two produced, and if r' were put to 

denote the arc drawn from the pole to the circumference of the one 

touching a externally, and r'^ and r''' the like arcs in those touching 

h and c externally, it would be found, in nearly the san^^ manner as 

in No. 139, that 

/sin« sin(« — 6) sin(«— c)* n x,«y.^ 

tanr' =^ \ . "^ .^ ^ =zr-7 \ (186) 

V sm(s — a) sm(« — a) ^ ' 

ten*^'- /sin^ sin(s— g) sin(g— c) n 

^^^''^/i^±^^k=^>^^ ^ n_ 

^ sm(« — 0) sm(5— -c) ^ ^ 

142. By taking the continual product of the members of (184), 
(186), (187), and (188), we find the following remarkable symmetri- 
cal formula: 

tanr tan/ tanr" tanr"'=sinfi sin(5 — a) sin(5 — h) sin(fi— ^)=:«2^^i89^ 

143. From D (J>g, 27), the pole of the circle described about the 
triangle ABC, let arcs of great circles be drawn to the several angles : 
let, also, the arc DE be drawn perpendicular to the side a. Then, 
the triangles ADB, ADC, and BDC being isosceles, the angles at 
their bases are equal. Hence, ABD-1-ACD=A; and therefore 
DBC + DCB = B + C— A, and DBE=3i(B + C— A)=s9— A. 

- * This formula may be easily found from considering that a, and the continua- 
tions of h and c, form a triangle having for sides a^^ — 6, and ir — ez as half 
the sum of these is * — J(6+<J — <*) or * — (« — a) ; and the remainders found, 
by takinff from this a, * — 6, and * — c^ are «• — », « — <j, and s — hi the substi- 
tution of which in (184), for 8, 9 — a, s — 6. and s — 0, gives ( ISA). In a similar 
manner, also, (187) and (188) might be obtained. 
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Nov, by (114) or No. 85, we haye, in the ri^tangled triangle BED, 
cosDBEstanBE cotBD; which, bj multiplying both members by 
tanBD, dividing by cosDBB, and putting BD=R, gives, by note 
to(5> 

. „ tan BE tania , ,->^. 

^^„Tj_ / —cos S — cosS ,-^^^ 

^^^V cos(S— A) cos(S— B) cos(S— C)= ~N^ '" (^^^) 

144. The foregoing fonnula gives the value of R by means of the 
three angles. To find it in terms of the sides, divide the value of 
— cos S found from (165) by N ; then, 

— cos S . „ sin^a siniS sinic sin A sinB sinC 
-^5:-,ortanR= ^ . 

In this, substitute for N^ its value according to (176), and there will 
result 

. „ 2siniasini6sin4c* ^„ n 

tanR= ? ? «— ,orcotR=:7r-r-i — ^ ; (IQU 

n :ismiasinJ6sinic'^^^ 

145. If circles were described about the three triangles formed by 
continuing the sides, and if R' were put to denote, in the triangle 
having a for a side, the arc corresponding to R; and R" and R'" the 
corresponding arcs in the triangles having h and c as sides, we should 
have tiie following formulas analogous to those in No. 141 : 

V _cosS cos(S — B) cos(S— C) N *••• ^^^^^ 

t^nT?"- /- cos(S— B) cos(S_B) ,,^^, 

^^ -V _cosS cos(S~A) co8(A-C) = N ....(193) 

tanR-=y cos(S-^C) ^ cos(S-C) 

'^ —cos S cos (S— A) cos (S— B) "" N ''" ^^^^^ 

146. Take the continual product of these and of (190); then, 
tanRtanR'^taiiR"tanR'''=^, or cotR cotR' cotR" cotR'"=N».... (196) 



•If^ be the perpendicular from A to BC, we have sin ^=sinC 8m6,or(93) 
""''=5E^= giniacoBia ^'^' ^"^ ^^^^^' ^^ ^^^7^^ ^e get 



"^ COS^O. 



In a plane triangle, this becomes (by Nos. 162 and 168) »R=i&?; from which, 
oy doublmg, andputting D for 2B, we get p Bszbc, the same as Euclid, VI. D. 
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147. Since the sides of the supplementary triangle are 4r — A; 
«•— B, AT— C, bj substituting these in (184) instead of a, 6, c, w© 
should obtain, in respect to the circle inscribed in that triangle, 

tanr= A^K^— A) co8(S--B) co8(S— C) 

^ — cosS * 

_ / — cosS ^ 

^^'^-s/ cos(S— A) cos(S— B) co8(S— Cy 
Now, this value of cotr being the same as that of tanR (190), it 
follows that r and R are complements of each other; whence it ap- 
pears, that <Ae arc drawn from the pole to the circumference of the 
circle inscribed in a spl^erical triangle, is the complement of the arc 
dravm from the pole to the circumference of the circle described about 
the polar triangle, which seems to be a new relation of these triangles. 

148. To inyestigate the method of finding the area of a spherical 
triangle ABC (Jig. 28), let the circle of which AB, one of the sides, 
is an arc, be completed, and let the continuations of AC and BC cut 
its circumference in D and E, and intersect each other in F, on the 
other hemisphere. Then, since (page 2^, note 3) BCE and CEF are 
semicircles, BC and EF are equal; and for a similar reason, AC and 
DF are equal. We have also the angles F and C equal, as thej are 
each the inclination of the planes of AC and BC. Hence the tri- 
angles ABC, DEF are equal. Now, the lune, bounded on the sur- 
face of a sphere by the halves of two great circles is evidently pro- 
portional to the angle at which those circles are inclined. Hence, 
if H denote the surface of a hemisphere, we have 180** : A : : H : 

H A 

lune ABDC=^rg^j,. In like manner we should find the lune 

H B H C 

BAEC =z -^^, and the lune CEFD=Tok;. Now, it is evident that 

the sum of these lunes is equal to the surface of the hemisphere 

AEDB, and twice that of the triangle ABC ; that is, x"t^^ 

=H4-2ABC; whence we readily find ABC=i5^^^t^i^=^^ 

Now (Diff. and Int. Calc. No. 288), the surface of a hemisphere is 
equal to twice the surface of a great circle of the sphere, or to 2«'r», 
where r is the radius of the sphere. Putting T, therefore, equal to 
the area of ABC, we have 

T= -'(^+f,y-^«^> (196) 
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Hence 180° : A+B + C— ISC'* : : err* : area of ABC ; and it 
appears, therefore, that (in the same sphere) the area of a spherical 
triangle is proportional to the excess of the sum of its angles ahove^ 
two right angles, or to what is called its Sfeerigal Excess.* It ia 
also plain, that, when the spherical excess or the sum of the three 
angles is known, the area can be determined from it ; and that all 
triangles on the same sphere which have the same spherical exc ss, 
are equal, however dissimilar they may be. 

149. By arcs of great circles drawn from any angle of a spherical 
polygon to aU the remote angles, we may divide it into as many tri- 
angles as it has sides, wanting two. Hence, if n be the number, and 
S the sum of its angles, we shall have the sum of the spherical exces- 
ses of the triangles =S— (w — ^2)xl80°; and consequently, putting 
P to represent the area of the polygon, we have 

1800 : S— (n— 2)xl80o :: err* : P (197) 

150. When the data in a spherical triangle are not the three an- 
gles, the angles, or their sum, must be found by some of the methods 
explained in Section lY., before (196) can be applied in finding the 
area. Thus, if the three sides be given, the angles may be computed 
by Nos. 93 and 94 ; or if two sides and the contained angle be given, 
the half sum, and thence the sum of the remaining angles, may be 
found by (129). In these two cases, however, which most frequently 
occur, formulas have been discovered which give the spherical excess 
without the previous determination of the angles. 

Thus, putting S equal to J( A+B+C), and B equal to the spherical 
excess, we haveJEzzS — 90°, siniE=— -cosS, cosJE=sinS; and 

tanS=—cotiE;aiid, since (108)tani(A+B)=^|^^^.cotiC, 

we have, from (39), by taking J(A-l-B) as one arc, and ^C as an- 
other, and by multiplying the numerator and denominator of the se- 
cond member by cos J(a+6), 

^^ ' ' ^ ^ cos J (a +6)— COS i(a — h) 

By multiplying again the numerator and denominator of the second 



* This remarkable and beautiful theorem is ascribed to Alberfc Girard, a Fie- 
miah mathematician. In 1787, upwards of 160 years after its discovery, an 
important and ingenious appHcation of it was made by Q«neral Roy, in cor- 
recting the angles obsenrea m the Trigonometrical Survey of Britain; — a fiict 
which proves, with many others, that no principle shoula be rejected as use- 
less, however long it may have biden known merely as a speculative truth. 
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member of this by 2sin^C cos^C, and ihen bj modifying the nu- 
merator hj (31) and (32), and the denonodnator by (30), we obtain, 
by changing the signs, 
xip_ co8i(« — 5)+cog|(g+6)+fco8^(a — h) — co8^(a+5)]co8C 

* "■ Jcos^(a — h) — cosi(a+6)} sinC 

From this, by modifying the denominator and the first and second 
terms of the numerator by (25) and (5), and dividing the denomi- 
nator and the rest of the numerator by their common factor, we obtain 
^^ coH«coti6±cosC_« 

* smC 

151. If the three sides be given, we have (177) — cos S, or 

. ,_ Vsinssin(s — a) sin (5 — 6) sin(s — c) ,i/vn\ 
smiE= ^^ , ^ pr T — ^ ' ••• (1^9) 

152. From (198) we may eliminate cos C and sin C. To do this, mul- 
tiply the first term of the numerator by 2 sin ^ a cos J a. 2 sin J 6 cos J h, 
and the denominator and the remaining term of the numerator by 
what is equivalent, sin a sin 6, and there will arise 

^, -, 2cos2ia. 2cos246+sina sin6 cosC 
COt^£j=: ^ : in * 

* sma smo smC 

Now, in this, the first term of the numerator is (31) equivalent to 
(1+cosa) (l+cos6); the second, by (87), to cose — cosa cos6 ; and 
the denominator, by (93), to 2n. Substituting these, therefore, per- 
forming the actual multiphcation, and contracting, we obtain 

^,« l-t-cosa+cos6-t-cosc /oaan 

COtiErr — V (200) 

2Vsin5 sin(s — a) sin(s — h) sin(s — c) 

163. The product of this and (199) is 
^p_ l+cosa+cos&+cosc _ cos'^q+cos^^5+cos^^c — 1 /2qi\ 

* ""4cos^a coa^h cos^c "" 2cosJa cos^b cos^c 

The second of these expressions is obtained by putting the nume- 
rator of the first under the form l+cosa+l+cos6+l+cose — ^2, and 
modifying it by (31). 



• This may be derived more easily, though not so conformably to a just 
analysis, in tne following maimer : By taking the reoiprocais of the members 
of equation i^e) ia. the note to No. 82, expanmng cos^S— 0), and performing 
the actual division by cos C we get 

cotj^aooti^s— oosC^tanS sinC : 

and^ by resolving this for — tanS, or its equal cot^E, we find (198). 
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154, By fiubtaracting the members of (201) from unity, and diyid- 
ing the remainders by the members of (199), we obtain, by (49), 
^■p_ l-^<;os^^q — cos^^&-^os^^c+2cos^a cob^6 cob^c 
V sin 8 sin (s — a) sin (s — h) sin (5— -c) 
Now, the numerator of this is the product of the two factors, 
coB^o — cos ^6 cos^c+sinJ6 sin J^, and 
— cos^a+cosi6 cos^+sui^6 sin^c; or (14) and (15) 
cos^o — cos^ (&+c), and — cos^a+cos^(6 — c); 
and these again are (23) equivalent to 

2sin:J(a+6+c) sin J( — a+6+c), and 
2 sin :^ (a — h+c) sin^(a+6 — c); or 
2sin^s sin ^(5—0), and 2 sin ^(5 — h) sin J (5 — c). 
Substituting these in the numerator, modifying the denominator by 
(30), and dividing the numerator by the denominator, we finally 
obtain 



tan^EnVtan^s tanj(s — a) tan^(s — 6) tan J (5-^ .... (202) 

This beautiful formula, which gives the spherical excess by means 
of the three sides, was discovered by Lhuillier of Geneva. 

155. If the base and area, or, which is the same, (196) if the base 
and the sum of the angles of a triangle be given, the locus of the ver- 
tex may be found in the following manner. In the circle BCB'C, 
(Jig. 27) take BC equal to the given base a, and BCB', CBC, each 
equal to a semicircle ; and make the angles BCD', CB'iy each equal 
to half the sum of the given angles: then a small circle described 
through B' and C, and having D' as its pole, will be the locus re- 
quired; that is, the vertex A may be taken any where on its circum- 
ference* For, drawing BAB', C AC, and AIK, arcs of great circles, 
we have (page 26^ note) the angles AB'I>, AC'IK together equal 
to B'AC, or its equal A in the triangle ABC ; and BB'C, CC'B are 
respectively equal io B and C. Therefore, wherever A is taken on 
the circumference of the small circle, the sum of the three angles A, 
B, C, is equal to the sum of the angles CB'B, AB'F, BC'C, and 
AC'iy, which, by constructioQ, are together equal to the given sum 
of the angles.* 



t This curious proposition was discovered by Lexell, and first appeared in 
the Petersburgh Acts. The proof ^ven above is more simple anq easy than 
any other that the author has seen. It would be shown in a similar manner, 
that if the base B'C, and the area of the triangle AB'C, be given, Ihe circle 
described about ABO is the locus of its vertex. 
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156. It is evident from No. 143, that if the base of a spherical tri- 
angle and the difference between the vertical angle and the sum of the 
other two be given, the locns of the vertex is the circumference of 
the circle described about the triangle. 

157. In resolving rightangled triangles bj the methods already ex- 
plained (Nos. 84 and 85), when the required quantity is to be found 
by its sine or cosine, if the feine or cosine be nearly equal to the radius, 
the quantity required cannot be found from the ordinary tables with 
much accuracy. This practical inconvenience may be obviated in 
different ways according to circumstances. Thus, from (112), (113), 
and (114), we have, by (19), (18), and (16), 

sina=^{cos(Acoc) — cos(A+c)} (203) 

cosc=^{cos(aco6)+cos(a+6)} (204) 

cosA=J.{8in(a+B)— sin(a— B)J (206) 

Any of these will give the required results by addition and subtrac- 
tion, by means of natural sines and cosines ; and tables of these give 
the results in the circumstances under consideration, with more pre- 
cision than can be attained by means of the other tables. 

This inconvenience may also be obviated by first finding a part 
not required ; and then, by means of it and one of the given parts, 
the required part may be determined. Thus, if the legs were given, 
to find the hypotenuse, and if the legs, and consequently the hypote- 
nuse, were very small, instead of using the common formula (113) 
cosc=cosa cos6, we might first find A from the equation (112) sin6 
=cot A tana, and then c from the equation (114) cos A=tan6 cote; 
in both of which the results may be obtained with great accuracy. 

158. Some of the formulas may be modified so as to give the final 
results very easily and accurately by means of tangents. To exem- 
plify this in some of the most usefid instances, let A and a be given 
to find B: then we derive from (114) the analogy, 1 : sinB : : cosa : 
cos A; whence, by composition and division, 

1— sinB ^ cosa--cos A 
1+sinB"" cosa+cosA* 

Now, since BinB=cos(W — B), this becomes, by (32), (31), and. 
(25), and by extracting the square root, 

tan(450— iB)=z4:Vtani(A-|-a) tani(A— a) ... (206) 

The arc thus found may be either positive or negative. Calling it, 
therefore db<i>, we shall have 6=90° ±2*. The value of B may 
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thus b© found with great accuracy, and the formula (206) is adapted 
to computation by logarithms. 

159. We have also by (112), 1 : sinA :: sine : sin a; and by 
processes exac^tly similar, we get 

...(«.-i.)=*ygi(^) (w) 

'-<«--iA)=±yS|g^' (208). 

160. From (113) we have 1 : cosa : : cos6 : cose; whence, by 
a like process, we get 

tania=Vtaui(c+6) tmi(c^hj (209) 

161. We hare likewise, from (112), (113), and (114), 
sina=tan6 cotB, coscrrcot A cotB, and cos Az=tan6 cote. 

Subtracting the members of the first of these from unity, and also 
adding them to it, we obtain, by dividing the remainders by the sums, 

1 — sin a ^ 1 — ^tan h cot B 
r+sma ■" 1 + tan 6 cot B' 

The first member of this may be reduced as in former instances ; and, 
by multiplying the numerator and denominator of the second mem- 
ber by cos 6 sinB, we obtain by (13) and (12), and by extracting the 
squai'e root, 

«.(«._i.,=*y™2=g (210) 

By operations nearly similar, we obtain, from the other two formulas, 

'-i'=y^^ w 

^i^-y^ •• (^'^> 

162. If, while the sides of a spherical triangle retain always the 
same absolute length, the radius of the sphere continually increase, 
the triangle will become more and more nearly a plane one, and it 
would actually become such, if the radius were infinite. In this case, 
the side and its sine and tangent would coincide and become equal, 
while the cosine would become equal to the radius, and consequently 
infinite. The cotangent would also be infinite. From this it follows, 
that any formula respecting a spherical triangle, which contains the 
sines or tangents of the sides, or the sines or tangents of their sum, 
half sum, &c. will also hold respecting a plane triangle, if the terms 

I 
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sine and tange«t, thus used, be omitted, so as to leave simply the^ 
side instead of its sine or tangent. In this way, the theorem in No. 
76 beoomes the same as that in No. 21 ; and (88), (89), (90), and 
(93) are reduced to (79), (80), (81), and (84). Since, abo, in the 
plane triangle, tanJf(A+B)=cot'^C, (109) and (151) by slight re- 
ductions become the same as (75). The same principle, abo, reduces 
(91) and (92) to (82) and (83), and (110) and (HI) to (76) and (77). 
So, Ukewise, (117), (12X), (149), (152), (153), (154), (155), (156), 
(157), (158), (159), (160), (161), (162), (164), and many others, aU 
giye results which are true respecting plane triangles ; and (202) be- 
comes, by a slight reduction, the same as the expression for the area 
of a plane triangle, given in the note in page 20. 

163. The formulas in (112) and (114) become immediately appli- 
cable to plane triangles by taking cos a equal to the radius, 9jid by 
multiplying in the latter by cote. By the same means, the first for- 
mula in (113) gives tanA=cotB. The second, by squaring, and by 
(6), becomes 1— sin^c=l— -sin^o — sin*64-sin*a sin*6. Hence, re- 
jecting 1, changing the signs, and rendering the terms of the same 
dimensions by dividing the last term by r^, that term, in case of the 
plane triangle, will vanish, the radius being infinite^ and the fi)i^ulGi^ 
will be reduced to o^z^a^+h^, the same as Euqlid L 47. 

164. By a Jike substitution,, (86) would become 

V(l — sin»a)=rcos A sin6 sinc-l-V(l — sin^ft — sin^c+sin*^ eia^o).^ 
The first member of this, by extracting the square root in series, be- 
comes 

1 — ^8in^a--«-J-siu^a^-&c.; 
while the second, by a Hke process, is qhauged into 

cosA sin6 sino+1 — ^sin*6 — Jsin'c-hJsin^J sin^c — ^sin*6— &c. 
Hence, by rejecti^g 1, dividing the terms of four dimensions by r^, 
multiplying by 2, and otherwise proceedmg as in the last No. we get 
a^:p:63+c3-.^6c cosA* the same as (78). 
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VI.— ASTRONOMICAL AND GEOGRAPHICAL 
PROBLEMS. 

165. SpHBRtOAL Trigfonometry derived lid Origin ttorA the com- 
putations which are necessary in astronomy; and its principal and 
most important applications are still furnished by the same science. 
Seine of the most useful of these, and some of its applications in 
geo^phy, are exhibited in the following proWemSi* 



• For the use of those who may be unacquainted with astronoihy, Of the 
mathematical principles of geography, it may he proper to explain some of 
the term& which most fi-equently occur in those branches of science. 

The astronomer conceiyes an imaginary sphere of great, though iridefinite 
magnitude, to have the same c^itre as the earth ; and, in ail applications of 
fi^erical trigonometry, he employs, instead of the real position or any of the 
heavenly boSes, the point in wnicn the surface of this sphere is cut by a straight 
line joining the centres of the earth and the body. (1) The extremities of 
the axis on which this sphere appears to revolve, in consequence of the earth's 
diurnal rotation, are balled the poles of the celestial sphere. Or of the heavens ; 
and (2) the points in which the earth's surface is cut by its axis, are called the 
poles of the earth, (8) The great cirde on the imaginary sphere which has the 
poles of theheaveus as its poles, is called the eelestim Equator or the egmnottiat; 
and (4) the eorresponding great circle on the surface of the earth is called the 
terrestrial eauator. Hence it is evident, that the celestial and terrestrial equa- 
tors are in me same plane. (5) In consequence of the earth's motion in its 
orbit, the sun appeaars to move eastward round the heavens, and, in the course 
of a yeaTj to describe, among the fixed stars, a great circle which is named the 
tcUptki (6) This circle is inclined to the equator at an angle which is called 
the tihUqpdty of the eelipUc, and which, in the lapse of many centuries, varies 
within narrow limits. On the first of January, 1838, the mean obliquity was 
33® 27 87", and at present it is diminishing at the very slow rate of52'' in a 
century ; not, however, each year by the same quantity ; and it increases and di- 
minishes by minute quantities at different times of the year. (7) The points 
in which the equator and ecliptic intersect each other, are called the equinoctial 
pointsi^-i^e one at which the sun appears to cross the equator northward, the 
vernal equinoctial point, or the first point of Aries; the other, the aiitmnnOl 
equinoctial poh^, at the first pomt Of Ubra, ( 8 ) A secondary to a great circle 
is another great circle perpendicular to it. ( 9) If a secondary to the equator be 
drawn through any point of the celestial sphere, the part of it between the point 
and the equator, is called the decUnation of that poiut; and (10) the part of the 
equator extending eastward fi^om the first point of Aries to the secondary, is 
called the right ascension of that point. (1 1 ) In like manner, if a secondary to 
the echptio re drawn through any point ot the sphere, the part of it between the 
point and the ecliptic is calSd the latitude of the point ; and (12) the part of the 
ecliptic extending eastward from the first point of Aries to the secondary, is 
called the longitttde of the point. This was formerly reckoned in si^ns of 
Se" each, and of which the ecHptic must therefore contain twelve. It is now 
reckoned in de^es. 
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166. Given the obliquity of the ecliptic, and the right ascension 
and declination of any of the heavenly bodies ; to find its latitude and 
longitude. 



In eeographj, (13) a secondary to the equator passing through any place, is 
callea the meridian of that place ; and (14) the lon^vhude of a place is the smal- 
ler ot the two parts into which the equator is divided by the fMri^^n of the 
place and ihe first mmdiany that is, the meridian from wnich geographers have 
agreed to reckon the longitude. The British geo^aphers assume the meridian 
of the Observatory of Greenwich as the first mendian ; but nature points out no 
particular meridian, in preference to another, for this purpose. (15) The Lati- 
tude of a place is its distance irom the eqaator measurea on its meridian. ( 1 6 ) If 
a plane touch the earth, its intersection with the celestial sphere is called the 
sensible horizon of the point of contact ; and ( 1 Y) a great circle parallel to this 
is the true or rational horizon of the same place. (18) Of the pi)les of the ho- 
rizon of any place, that which is over the place is called the zenith, and the other 
the nadir, (19) The arc of the horizon mtercepted hetween the meridian and 
. a secondary to the horizon passing through any of the heayenly bodies, is the 
azimuth of the body; and (20) the arc of the secondarv between the body and 
the horizon, is its altitude, (21 ) The complement of tne azimuth of a body at 
rising or setting, or its distance fi*om the east point at rising, or from the west 
point at setting, is often called its amplitude, (22) A secondary to the horizon 
IS called a vertical or azimuth circle; and of such circles, that which is perpen- 
dicular to the meridian, and which, consequently, cuts the horizon in the east 
and west points, is called the prime vertical. 

Astronomical observations show, thdt the apparent dim*nal motions of the 
fixed stars in the circles which they appear to describe, are at all times uniform ; 
and hence it follows, that the earth's rotation on its axis is likewise unifoim. 
The sun's ai)parent diurnal motion is also very nearly uniform, being aflected only 
by a sUffht inequality arising from his apparent motion in the ecliptic. If we 
regard ms apparent motion as uniform, or rather, if we consider him as moving 
with his mean or average motion, it is evident that since he appears to describe 
round the earth a circuit of 360** in twenty-four hours, he must describe 16" 
each hour, and consequently a de^ee in four minutes, a minute of a degree in 
four seconds of time, &c. !Now, it is evident that the portions of the equator and 
of any circle parallel to it, intercepted between two circles passing through the 
poles, will contain the same numoer of degrees, each measuring the inclination 
of the planes of those circles. (23) Such circles, considered with respect to 
time, are called hour circles ; and it follows, that the arc of the ejjUator inter- 
cepted between any two of them is proportional to the time occupied by a body 
in passing from one of them to the other in its apparent diurnal revolution. 
Hence, also, of the arc of the equator and the corresponding time, if either be 
given, the other will be known, an hour and 15° being equivalent. Degrees, 
minutes, &c. are most easily reduced to time by multiplying by four, and 
taking the degrees, minutes, and seconds of the product as mmutes, seconds, 
and thirds of time ; and time is readily reduced to degrees, &c. by multiplying 
it by ten, and adding to the product naif of itself; the result, instead of nours, 
minutes, &c. will be degrees, minutes, &c. (24) The mean period employed 
by the sun in apparently moving from the meridian to the meridian again, is 
twenty-four houi-s, and is called a tnean solar day, (25 ) The diflerence fttween 
the time at which the sun actually passes the meridian and the time at which 
he would pass it, were he to move equably in the equator, or in a parallel to 
it, is called the equation of time, (26) The period that is occupied by a fixed 
star in passing from the meridian to the meridian again, is 23 hours, 56 mi- 
nutes, 4*1 seconds, of solar or civil time, and is called a sidereal dc^. This 
quantity, which is the time of the ear&'s revolution on its axis, is always the 
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RIGHT ASCENSION ANB DECLINATION. 6d 

To resolve this useful problem, let EQ and KL {fig, 29) be the 
equator and ecliptic, P and F their north poles, and O the first point 
of Aries ; and let the body S be so situated, that its right ascension, 
OR, and its longitude, OG, may be each less than 90°; and its decli- 
nation, SR, and latitude, SG^^both north. Then, in the spherical tri- 
angle PTS, PT is equal to LQ, the obliquity of the ecliptic, each 
being the complement of PL ; PS=90°— SR=90o— (Zee. or the north 
polar distance; FS=900— SG=900— ?a«.; FPS (measured by ER) 
=90°-f-n^A< asc; and PFS (measured by GL)=900— ?ow.; and 
the resolution will be effected by the third case of spherical trigono- 
metry. Thus, drawing SV perpendicular to PL, and putting <p for 
PV, we have PS=900— (?ec, and the angle SPV=180o— FPS = 
90° — R. asc; whence, in the rightangled triangle SPV, by No. 107, 
cosSPV=cotPS tanPV, or sinjB.o5c.=tan(?ec. tan^. Then, No. 
87, cosPV : cosP'V : : cos PS : cosFS, or cos^ : cos((p+ohl) : : 
sinc^ec. : sin lot. Lastly, the rightangled triangle P'VS gives cos SP'V 
=cotP'S tanFV, or 8mlon.=ita.nl€U.tSLn((p+ohl). Hence we have 
the following formulas for resolving this problem : 



. tsuiip z= sin B, A, cot dec, 

Bmlat:=:smdec, cos (f+o6?.) seep, ^ (^1^) 

sin lon,=taxilat. tan(p+o6?.)' 



.,}. 



These formulas will serve for all positions of S, if, when the lati- 
tude and declination are south, they, and consequently their sines, 
tangents, and cotangents be taken negative ; and if it be considered, 
that, as is evident from the diagram, when either the right ascension 
or longitude is between 90° and 270°, the other is between the same 
limits. P'SP, which is called the angle of position, is easily calcu- 
lated. 

167. When the obliquity, and the latitude and longitude, are given, 
to find the declination and right ascension, we have FP, P'S, and 
the contained angle, and the resolution of this also is effected by the 
third case. Thus, putting p=: P'V, and proceeding as in the last No. 



same ; while, as we have already seen, the length of the solar day yariea 
slightly at different times of the year, being, at Christmas, thirty seconds 
more, and at the middle of September, twenty-one seconds less, than twenty- 
four hours. The number of sidereal days in the year is evidently one more 
than the number of solar, the sun losing one revolution in a year, in conse- 
quence of his apparent motion among the fixed stars. 
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we find the following fonntilas, which, with attenticm to the rcfmarks 
at the end of that No. will solve the problem in eyerj case : 

tan p = sin ?on. cotlat. \ 

smdec^sinlat cos(p — ohl) sfecf, > (214) 

sini2.il.==tan(?cc. tan(^ — ohl}^ ) 



168. In case of the sun, both these problems become much simpli- 
fied, as in consequence of his being on the ecliptic, suppose at S', 
(Jig, 27) his latitude is nothing, and the triangle becomes qiiadi'antal. 
In resolving this case of the problem, we may rather employ ttm tei- 
angle ORS', in which R is a right angle, O the obliquity, OS' the 
longitude, OR the right ascension, atld RS^ the declination ; and when 
the obliquity is known, it is sufficient that either the right ascension 
or declination be given, as, by means of the obliquity and one of 
these, the other and the longitude can be computed by No. 107; It 
is also plain, that if both the right ascension and declination be given, 
the obliquity may be calculated. The following are the formulas ob- 
tained by the method alluded to ; and, by means of them, any two of 
the four quantities, the obliquity, the longitude, the right ascension, 
and the declination, being given, the fest can be found:* 

coso5?.= tani4.-4. cotlon, (215) 

smB,A,=:coiohL iandec (216) 

sindfec.=sino6Z. sin^ow (217) 

coston.=:cosE.A. coadec, (218) 

169. If the right ascensions and declinations of two heavenly bodies, 
S and T (Jig, 27) be given, to find their distance asunder ; their dis- 
tances from either pole P, are two sides of a spherical triangle ; the 



* The riffht ascension of a body is observed by means of the transit instru- 
ment, ana of a clock regulated to sidereal time. The transit instrument is a 
telescope placed on a horizontal axis, and always moring in the plane of the 
meridian, so that any body, when it can be seen through it, must be on the 
meridian. The index of the clock pdints to 0, when the first point of Aries is 
on the meridian ; and therefore, at the instant at which any other bod;^ is seen 
through the transit instrument, the time indicated by the clock, estimated, 
accorSng to No. 165^ note (10) and (23), at 16** to the hour, will give the right 
ascension in de^ees. The altitude of the body taken at the same instant, will 
give its declination if the latitnde of the place be known ; since, as will appear 
hereafter (No. 173), Bn {fy, 28) is the meridian altitude, EH the complement 
of the latitude, and their difierenee fin Ihe declination. Oonverflely, if tibe de- 
dination and altitude be known, the latitude can be found* It is evident, also, 
that if the sun's right ascension and declination be determined by observatioh 
at the same instant, the obliquity can be confuted by (112). 
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difference of their right ascengions* is the ooataioed angle SPT ; and 
the third side, whioh is the required distanQe, may be computed by 
the third case. 

If the latitudes aiid longitudes were given, the sides SF, TF, 
would be the distances of the bodies from F, one of the poles of the 
ediptio ; and the difference of their longitudes would be the contained 
angle.t 

170. In exactly the same way» the diatance, on the arc of a great 
circle, between two places on Uie earth (regarded as a sphere), may 
be determined ; their distances from one of the poles being two sides, 
and the difference of their longitudes the contained angle of a 
sphaical triangle, of which the third side is the distance* The re^ 
maining angles of this triangle, or tho^e which tho great circle passing 
through the places makes with their meridians, are C9lled the m^les 
of position, 

171. Given the distances of a body, X, from two stars, T and S, 
whose positions are known, to find its right ascension and declination.}:. 

In liie triangle TPS, calculate, by the method shown in Nq, 169, 
TS, and the angle PTS. Then, in the triangle TXS, the three sides 
will be known ; whence, by ease I., the angle XTS can be found, mi 
thence the angle PTX, which will be the sum or difference of PTS, 
STX, accordingly as X and P are on opposite sides, or on the same 
side of TS. Lastly, in the triangle PTX, the sides PT and TX, and 
tiie contamed angte are known; whence PX, the pol9^ dist&iice, can 
be computed ; as also the angle TPX, the sum or difference of which, 
and of the right ascension of T, will be the right ascension of X. 
If a great circle were drawn from F to X, th^ method of finding the 
latitude ^d longitude of X would evidently be t^e same ^ the pre- 
ceding. 

172. The apparent diurnal motions of the heavenly bodies giye 
origin to a class of problems of much importauce in the application o| 
spherical trigonometry. To investigate the method of resolvipg the@9, 
let fig. 30 represent a projection of the celestial sphere on the plane 



* If the difference oi the rij^ht asoensioBS exceed 180^, the difference betw^n 
it and 360^ will be the contamed angle. 

t This problem occurs in the commutation of several pages in each month of 
the Nautical Almanac, which exhibit the distances between the moon and the 
sun, or between the moon and certain fixed stars, for determining the longitude. 

I This problem is usefiil in determining the positions of comets, as it fre- 
foently happeiis that they cannot be observed wnen on the meridian, In conse- 
quence of auaining that positionHn the day-time. 
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of the circle PHNR, the meridian of the observer ; and let P be the 
north pole ; EQ, the equator : PD, PCO, PLC, &c. portions of hour 
circles ; Z the zenith, and HCR the horizon of the observer, R being 
its northern, H its soutliern, and C its eastern or western point. Now, 
from the quadrants ZH and £P, take awaj ZE, the latitude of the 
place, and there will remain EH and ZP, each equal to the comple- 
ment of the latitude. Also, bj taking away ZP from the quad- 
rants ZR and PE, we shall have PR=ZE; whence it appears, that 
the elevation of the pole above the horizon is equal to the latitude. 
Then, B being the body, BD will be its declination ; BP, its north 
polar distance ; BF, its altitude ; BZ, its zenith distance, or the com- 
plement of its altitude ; PZB, or RF, its azimuth from the north, or 
the supplement of its azimuth from the south ; and the angle ZPB, 
converted into time, will show the interval that must elapse between 
the body's being in its present position and on the meridian. In this 
class of problems, therefore, nothing more is necessary than to resolve 
the triangle PZB according to the data. 

173. In several particular problems of this class, the operations 
become simphfied. Thus, if the circle ws'wi, parallel to the equator, 
represent the apparent diurnal path of the sun (his declination being 
supposed not to vary during the time considered in the problem, or, 
rather, being corrected for any particular time), it is evident that at 
noon he will be at n ; at midnight at m ; at six o'clock (morning or 
evening, accordingly as the diagram is supposed to represent the 
hemisphere east or west of the meridian) at s'; at rising or setting at 
s; and on the prime vertical, or due east or west, at w. 

Now, if the sun be at s, we may employ the quadrantal triangle 
Z5P,* or either of the rightangled triangles, PR5, GLs, Thus, in PR*, 
PR is the latitude ; F$ the north polar distance ; sR the azimuth at 
rising, or the complement of G^ the amplitude; and RP* (in time) 
will be the interval between the sun's being at m and s, or between 
midnight and rising or setting. 

Again, if the sun be at «', we have, in the rightangled triangle ZPs' 
Zs', the complement of his altitude at six o'clock ; PZ^^ his azimuth 
from the north at the same time ; and Fs\ the polar distance. 

Lastly, if he be at w, ZFw will show the interval between noon and 



• The lines Zs, Zs', and Vw, are omitted in the diagram, to prevent it from 
appearing confused. ' 



Digitized by 



Google 
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the time of his being east or west, aiid Zw will be the complement of 
his altitude at the same time.* 



•If we put Z=the latitude; c?=the declination; P=the anrfe ZPs, the 
sapplement of RP», and consequently the measure of the time between noon 
ana the hour of rising or setting ; P'= ZPu;; a=the altitude at six; a'=the 
altitude when east or wfest ; 2 = Ks, the azimuth from the north at rising or 
setting; Z'rsPZa', the azimuth from the north at six o'clock; and »i=the 
iunplitttde : we haye, from, the triapgles above mentioned, 

1. coaPsr — tan2tane{; 4. cos Z=cot<^cotZ'; 

2. sin d:=:co^l cosZ=cos2 sinm; 5. sin d =Esin2 sina'; 

3. sin a = sin Z tin (2; 6. cosP'=cotZ tanc7. 

In deriving these formulas, the latitude, declination, and amplitude, have 
been considered^ north; and consequently, if any of them be south, its sine, 
tangent, and cotangent, will be negative. In like manner, should sin q, or sin^^' 
Ve round negative, a and a', inste«2l of altitvde, would denote depression below 
the horizon. 

EPL, or EL, is called the semidiurnal arc, as it measures half the time of 
the body's continuance above the horizon. A table of semidiumal arcs, which 
may be computed by the formula cosP= — ta,nl tancf, is useful in calculating 
the rising and setting of the heavenly bodies at any particular place, 

Formma 1 shows mat a body will not descend to the horizon, if the latitude 
be greater than the complement of the declination, as in that case tan 2 taxid 
would be greater than 1, and therefore cosP impossible. In like manner, we 
infer, from formula 6, that a body cannot be on the prime vertical if its declina- 
tion exceed the latitude. 

As astronomical tables give the declinations, right ascensions, &c. of the 
centres of the heavenly bodies, the method that has been pointed out will deter- 
mine the time at which the centre of any of them would be on the horizon, 
were its apparent position not affected by refraction. When the atmosphere is 
in its mean state, however, refraction causes the heavenly bodies to appear on the 
horizon, when they ajre in reality about 33' below it. Supposing tnis to be the 
case, we should find the appar^ rising of the centre, by taking ZB= 90° 33' 
and i*esolving the tiiangl^ Z PB. If it were required to find at what time the 
Bun*s upper limb would appear on the horizon, we must take ZB = 90® 49' 
(=90** 33'-(-16') the sun's radius being about 16'. In respect to the moon, also, 
if great accuracy were required, which, however, is seldom necessary, and not 
easily attainable, ZB must be taken equal to 90° 33', diminished by her horizon- 
tal parallax (which varies frx>m about 54' to about 61']^, according to the moon's 
disumce), because parallax occasions her to appear lower by its own quan- 
tity than her trae place, as she would appear at the earth's centime. In com- 
Suting the time of the moon's rising or setting, however, the changes of her 
eclination and right ascension are much more to be attended to than any of 
the corrections already mentioned. In the Nautical Almanac, her declination 
is given at Greenwich for several equal intervals ; and hence, Ihe approximate 
time of her rising or setting being determined by the method already explained, 
her declination at the tin^ thus found may be obtained with tolerable accu- 
racy by the method of proportional parts, and the process repeated with this 
declination ; and, by a similar method, allowance may be made for the change 
in her ri^ht ascension. A method of approximating tne corrections for refrac- 
tion, semidiameter, and parallax, might be employed, which would be shorter 
than the method already pointed out, but which it is unnecessary to explain 
here. No allowance for parallax is necessary, except for the moon ; nor for 
semidiameter, except for the sun or moon. 

K 
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174. VHxea the latitude of a place, and the altitude and dedmatiod 
of a body, B, are given, we have ZP the complement of the latitude^ 
ZB the zenith distance, and BP the polar distance ; and we can thence 
find the hour angle ZPB, which will show the diilbrence between the 
times of the body's being at B and on the meridian. We can com- 
pute also the angle PZB, which is the azimuth from the north. In 
this problem, which is useful in regulating time-pieces, and in finding 
the variation of the compass, it is necessary to correct the observed 
altitude for parallax, refraction, &c. and the result for the equation of 
time. 

ASTRONOMICAL AND GBOORAFHICAL EXERCISES. 

Ex. 1. If the right ascension and declination of a star be found, by 
obswvation, to be 142° 14', and 35® 17' S., respectively ; what are its 
latitude and longitude ?—^»ww. Lat 46° 48' S.; hn. 160« 29% 

Ex. 2. If the latitude of a star be V 12' N., and its longitude 
135® 35', what are its right ascension and declination? — Answ, B.A* 
=±138® 32% dec.=z 17® 19'| N. 

Ex. 3. When the sun's longitude is 43® 47', what are his right 
ascension and declination? — Answ, ^.-4.= 41® 19', ^€c.=:15® 59'J N- 

Ex. 4. If, by observation, the sun's declination be found to be 
22^ 30', and his right ascension 72® 35', what is the obliquity of the 
ecliptic? Find, also, the sun's longitude. — Answ. Ohliquitff=i23>^ 
28', ver^ nearly; Zow.= 73® 57'. 

Ex. 6. Required the sun's right ascension and longitude, when his 
decHnation is 11® 44' S.—Answ. R, !a.=208® 35', or 331® 25'; 
fon.=210® 42'i, or 329® 17'^. 

Ex. 6. If the right ascension and decimation of the moon be respec- 
tively 0® 33', and 5® 19' S.; and those of the star Regulus 148® 49', 
and 13® 10' N.; what is their distance asunder? — Answ, 147® 45'. 

Ex. 7. If the sun's longitude be 202® 24'^, and the moon's latitude 
and lon^tude, 4® 54'J N. and 89® 25'\ ; what is their distance asun- 
der?— ^rmc?. 112® 53% 

Ex. 8 Required the distance between Belfast, in lat. 54® 36' N. 
Ion. 5® 54' W. and Port Jackson, in lat. 33® 51' S. Ion. 149® 52' E.— 
Answ. 153® 13'i, or 10580 English miles (69^^ to a degree), 

Ex. 9. Suppose the distances of a comet from Aldebaran and Re- 
gulus to be observed to be 40® 12' and 51® 36' respectively: required 
its latitude and longitude, the respective latitudes of the two stars being 
5® 28'| S. and 0® 27'i N., their longitudes 67® 12'i and 147® 15'^, Mid 
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the comet being south-east <^ the arc of a great circle joining th^. — 
Answ. L<a. 28° O^J S.; ?an. 102° 19'. 

Ex. 10. Beqoffed the tmies of the son's rising and setting at Glas- 
gow (btitnde 55^ 52" N.) on the longest and shortest days (June 21, 
and December 21), his decUnation at tiiose times being 23® 28'. 
Amw. Lmgeei devy, rising, 3* 20" 44-; seUing, S*" 39« 16': shcrtee^ 
day, Hsmg, 8* 3»« 16'$ set^, 9" 20^ 44*.* 

Ex. 11. When the snn'sdedmation is 23<> 28' N., required the times 
of his rising and setting at Belfast and at Port Jackson : required also 
his amplitude at each ; his azimuth, and his altitude or depression at 
six o'clock ; the time when he is west at each, and the altitude or 
defHression at that time. 

Answ. At Belfast, rising, 3* 291"; setting, &" 301"; ^^f> *" ^^i"; 

At Port J. r» 7i"; 4h 62i-; 8^ 41}-; 

At Belfast, amplitude, i3^ 2& N.; azimtOh at six, 76® 53' from N.; 

At Fort J. 28 39 N.; 70 10 from N.; 

At Belfast, alt. at six, 18* 66'; aU. when west, 29® 16'; 
At Port J, depr, 12 49; depr. 46 38. 

Ex. T&. Given the apparent altitude of the sun's lower limb, at 
Belfast, April 4, 1823, equal to 29^ 24', at ten minutes past nine in 
the mommg, by a clock ; to find the error of the clock, t — Answ. 1" 
2i'fast. 



* These answers show the times at which the sun's centre would be on the 
horizon, if no effect were produced by refraction or parallax, or by the equation 
of time. Should the time be required at which his centre, affected by the mean 
refraction, would be on the honzon, his zenith distance must be taken as being 
90^ 33'; while for finding the time at which his upper limb would be on the 
horizon, this must be increased by 16', his semidiameter : and both computa- 
tions would be effected in the manner pointed out for the solution of Ex. 13. 
Eas^r approximations, however, may be obtained by means of the variatkms 
of triangles. See Differential and Integral Calculus, Section IV. 

In finding the rising or setting of a stan firam its right ascension in time (in- 
creased, if necessary, 1b^ 24 hours), take tne sun's right ascension; the remain- 
der will be the hour ot the star's passing the mericQan. From this, talce the 
semidiurnal arc to find the rising, and suSSl it to it for the setting. If great pre- 
cision were required, the sun's right ascension should be found by proportion, 
for the times of the star's rising and setting, and the operation repeateo. The 
finding of the moon's rising and setting may be facilitated by means of tables 
and other contrivances, ^e Mackay on the Longitude, toL II. 

t The sun's semidiameter (note, page 71) being 16', we have 29° 24'-J-16 = 
29* 40', the apparent altitude of the centre ; corresponding to which, in the tables 
of refraction and parallax, we find 1' 42", and 7": consequently the true alti- 
tude of the centre is' 29*» 40'— 1' 42"4-r'=29* 38' 25". J^Tow, by the Nauti- 
cal Almanac, the sun's declination, April 3, at noon, is &* 6' 39", and the next 
day 5° 29' 37"; whence, by proportion, we find the declination, at ten minutes 
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Ex. 13. Required the beginning of morning and the end of even- 
ing twilight at Belfast, on the first of September, the snn's deelination 
being 8° 30' ti*—Answ. 2^ 46'" mom. and 9** l^*" even. 

Ex. 14. Suppose two altitudes of the sun obserred in the forenoon, 
in the same phce, at the interral of an hour and a half, on the 25th 
of June, to be 28^ 4(K and 39<> 50'; required the latitude of the }^ace, 
and the times of observation, ^e decimation being 23^ 26' N.f — 
Amw. LatUude, 59« 17'i N.; times of observation, 7*» 8* 24* and 
8** 38*" 24*. 

Ex. 15. How much shorter is the distance from Port Jacksim to 
the Bay of Valparaiso ou the arc of a great circle than on their com- 
mon parallel; and what is the highest latitude attained by a ship 
sailing between them on the arc of a great circle, their latitude being 
33^ 51' S. and their difference of longitude 136<> Wt—Answ. High- 
est l(xtitude=zW 54'; difference of the distances =z737'^ geographical 
miles, 

Ex. 16. What is the highest latitude attained bj a ship sailing on 



past nine, to be 6® 26' 54'^; and hence (124) Ihe apparent time is found to be 
9" 5" 21'; and adding dm 15', tiie equation of time, we find the true time to 
be .el's" 36'. 

* Twilifirht being supposed to begin and end wh^i the sun is 18*^ below the 
horizon, we have the zenith distance 108^ the polar distance 81** 30', and the 
colatitude 35^ 24': and the solution will be effected by the first case. 

f To illustrate the method of solving thisproblem, let B and w (fig, 28) be 
any two positions of the sun, and suppose wB, w/P, to be joined by arcs of great 
circles. Then, in the isosceles triangle BPti;, compute "Bw, ana the adjacent 
angles. This is most easily effected l^ dividing it into rightangled triangles by 
an arc of a great cirele bisecting the angle Pj and consequenSy the side Bw. 
Then, the three sides of the triangle BZw being given, let the ande ZBw be 
computed, and the difference between it and FBw will be ZBP; by means of 
which, ami of the sides containing it, the colatitude ZP will be found by the 
third case. Practical modes of solving this useM problem will be found in the 
later works on navigation. 

The problem in \niich the altitudes of two known stars, taken at the same 
instant, in the same place, are given, to find the latitude and the time of obser- 
vation, is solved in the same manner, except that, unless l^e stars have the 
same declination, the triangle BPti; is not isosceles. 

I In solving this question, there are given.,in an isosceles triangle^ two sides, 
each equal to the complement of the latitude, and the contained angle equal to 
the difference of longitude. A perpendiculaa* to the base, fi-om &e opposite 
angle, will bisect both ; and, hence, the resolution will be efiected by No. 86 or 
■No. lOY. The base is the distance on the arc of a great circle, and the perpen- 
dicular is the complement of the highest latitude. The radius of the parallel 
will obviously be tne cosine of the latitude, the radius of the earth being taken 
as unity. Hence, the distance on the parallel will be found by the analogy, 
1 : cos lat. : : diff, hn* : dist, on paralUt 
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the. arc of a great circle firom Port Jacksou to Cape Horn, tbeir lati- 
tudes being 33^ 51' and 55^ 58' S./ and their difference of longitude 
1400 27'?*— ulmw. 72« 4r. 

Ex. 17. In a giren latitude, and on a given day, how may the time 
be found at which two given stars hare the same azimuthff 

Ex. 18. The same being given, how may the time be found at which 
the stars have the same altitude or depression?} 

Ex. 19. Given the altitudes of two known stars, at the instant when 
they have the same azimuth ; to £uid the latitude. || 

Ex. 20. Given the difference of the azimuths of two known stars, 
at the instimt when they have the same altitude; to find the latitude. 

Ex. 21. To find the latitude at which two ^ven stars have always 
the same altitude, when two others have the same azimuth.§ 



• Here we have two sides (the complements of the latitudes) and the con- 
tained angle (the difference of longitude), to find the perpendicular drawn fix)m 
that angle to the opposite side, that perpendicular bemg the complement of the 
required latitude; and the solution may be effected by finding the remaining 
angles, and then the perpendicular by the rules for resolying rightangled trian* 

§les ; or, more easily, by finding the parts of the contained an^e by (151), and 
tience (114) the perpendicular. 

f S and S' {fig, 31) bemff the stars, find (case HI.) in the triangle SPS', the 
angle PS'S ; and in P^S' find (case V.) the angle ZPS', which will show the 
di&rence of time between the star S' being in its present position and on the 
meridian. 

X S and S' {fig, 32) being the stars, bisect SS' in M, and join MP, MZ. 
Then, in the triangle SPS', compute (case III.) SS' and PSS^. andm SMP, 
compute (case III.) MP, SPM, and SMP. From this last angle take SMZ=: 
90**, and there will remain ZMP; and the resolution of the triangle ZPM, by 
case V. will ffive ZPM ; the difference between which and the an3e SPM will 
be ZPS; and this will give the required time. From this, the method of 
solving Ex. 20 wiU be manifest. 

|] This problem, the method of solving which is plain fix>m the note to Ex. 17, 
affords a mode of finding the latitude of a place. The instant at which the 
stars have the same azhnuth can be ascertained by means of a plumb-line. 

§ To show the method of solving this question, let A, B, C, D {fy, 31) be 
the given stars, and suppose great circles to be drawn joining AO, fiC, BD, 
PA, PB, PC, PD, and ZB ; suppose also ZE to be drawn perpendicular to 
AB, and consequently bisecting it. Then, since the-stars are given, their right 
ascensions and declinations are given, and their distances asunder can be com- 
puted, as also the ai^le BCP, by No. 169. In ttie nextplace, the sides of the 
triangles ABC and BCD being given, the angles ABC, BCD will be found 
by case I.; and thence CBF and FCB, their supplements, will be known. 
From these two angles, and the adjacent side BC, the sides BF and CF, and 
the remaining angle F, can be computed by case IV. Then, in the rightangled 
triangle ZEF, the angle F and the side EF are given, to find ZF : from which, 
and from CF, CZ wfll be known. The angle ZCP will also be known from 
BCP and BCD ; and CP being given, the colatitude ZP will be found by 
case III. This solution would evidently admit of several variations. 
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Ex. 22. Given the latitades and longitudes of tiiree-places on the 
earth's snrface ; to find the latitudes and longitndes of the two places 
equally distant from them.* 

Ex. 23. Given as in the bst proNem ; to find the latitades and fon- 
gitudes of the poles of a oirck tooching Hie three great eircdes passing 
each through two of the places^ 

Ex. 24. At a given place, to find the greatest azimuth of a given 
star whose dedination is greater than the latitude <tf the place: to find 
also the time, on a given day, when the star will have the greatest 
azimuth, and when, consequfintly, it will ^pear to move perpendioa^ 
larlj to the horizon, f 

Ex. 25. On what days of the year is the sun on the hcnij^ims of 
Dublin and Famambuco at the same instant; their respective lati^ 
tudes being 63« 21' N., and 8* 13' S.; and their longitudes 6° 19' W., 
and 35^ 5' W.? J — Answ. The sun reill set at the same instant at both 
on the 12th of May and the 1st of August, and toiU rise c^ both <a 
the same instant on the 29ih of Januaxy. and th^ I4:th of November, <Aa 
declincOion beings 18^ 6'. 



* There may be a simiW problem respecting stars. 

t The required point is that in which a vertical ckcle touches the parallel of 
the star's aeclination, and a circle drawn from the pole to the point is perpen^ 
ddcolar to ti^at vertical circle : whence the azimuth, hour, and altitude may all 
be found by resolving a rishtansled triangle. — This exercise will furnish an ex- 

Slanation of the curious laet, that when the sun's declination is greater than 
bie latitude of a place on the same side of the equator, the shadow of an up^ 
right object on a horizontal plane coes backward each day during a certain 
period, which may be computed. In any latitude, indeed, the shadow of a 
pin perpendicular to a plane will move d.urinj^ a part of each day, contrary 
to the usual direction, ir the plane be so placeathat the pin will be directed to 
a point of the meridian farther from the elevated pole than the complement of 
the sun's declination. 

I In solving this problem, it is evident that the difference between the houra 
of rising or setting at the two places must be equal to the difference in their 
reckoning of time, that is, to tne time equivalent to their difference of lons^i^ 
tude. Denoting, therefore, the latitudes of Dublin and Pemambuco by I aodl' 
the angles corresponding' to the times from noon to rising or setting by P and 
F, and the difference ot longitude by D, we have (note 1, pace 73) cosP=r 
— tan I tandee. and cosP= — tan H tan^^ec. Dividing the latter by the former, 
and converting the quotient into an analogy, we obtoin cosP : cosP : : tan? : 
tanZ; whence, by a process the same as in No. 118, we obtain the following 
analogy : 

sinil-^V) : — sin(Z— ?) : : cotJD : tani(P-fF). 

Hence, JD bemg half the difference of P and F, these quantities become known ; 
and thence thedeclinatlon from the formula cos P=: — tan lot, tan dee. It must 
be observed in the computation that the latitude of Pemambuco is to be taken 
negative. 
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Ex. 20. GArexi the Icttigitade of the aBcendiiig node * of G^es =: 8(P 
54', and that of tbe «ame node of Pallas=172° 31': given, also, die 
inelinatioQ of the (»'bit of the former to the ediptic=iG^ 37% and 
that of the latter =:34o 37'; to find the mutual inclinations of the 
orbits of Ceres and Pallas.— ilnstc?. 36^ 18'. 



VII.--DIALLING. 



175. As a ferther application of the principles that have been thus 
far estabUshed, we may now investigate some of the more important 
parts of the theory of dialling; a branch of science which, notwith- 
standing the very improved methods of measuring time that modem 
mgenuity has discovered, is still of some value, and of considerable 
interest. 

Since the sun's apparent diurnal motion is uniform, it is plain that 
an opaque straight line or wire, occupying, in free space, the same 
posilion as the earth's axis, would cast a shadow, the plane of which 
would revolve uniformly, describing an angular space of 15^ in each 
hour; and the same will hold, without sensible error, respecting any 
line at the earth's surface parallel to the axis, its distance from tlie 
axis being extremely small compared with the sun's distance from the 
earth. Hence, if HR (fig. 30) be a great circle, parallel to the plane 
of a dial, such as a horizontal dial at the place whose zenith is Z, we 
have only to find how HR would be divided at different times by the 
shadow of the -axis PO, ^ich would evidently divide the equator 
EQ, and consequently, the angular space about P, into parts propor- 
tional to the times in which they are described. To effect this, we 
have, in the rightangled triangle PR^, PR=90<' — RQ=the comple- 
ment of the indination of the planes of the equator and dial; RP^, 
the measure in degrees of the time between the instants at which the 
shadow occupies the pogitions PQO and PLO ; and Us will be the 



• The two opposite iwints in which the orbit of a planet cuts the ecliptic, 
are called the nod^s of its orbit ; — the one in which the planet crosses the eclip- 
tic northward, the ascending node, — ^the other, the descendmg one. 
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measure of ihe angle, at the centre of the dial corresponding to that 
time ; and bj the resdution of this triangle, we hare 

R : sinPR(orcosRQ) :: tanRP* : tanRr. 

Hence, puttmg I to denote the inclination of the plane of the dial to 
that of the equator, P equal to the horary angle RPf, and H equal to 
the arc R^, or the hour angle on the dial, we have 

R : cos I : : tanP : tanH (219) 

176. In case of a horizontal dial, the angle I is eyidendj equal to 
the complement of the latitude, and (219) becomes 

R : sinlat. ;: tanP : tanH (220) 

177. In case of a vertical south or north dial, that is, a dial whoso 
plane is perpendicular to the meridian and horizon, and which, there- 
fore, has its face directed exactlj towards the south or north point 
of the horizon^ I is equal to the latitude; and, therefore, (219) be- 
comes 

* R : coalat. :: tanP : tanH .... (221) 

178. To exemplify the use of (220) in the construction of a hori- 
zontal dial for Belfast, by taking the latitude in that formula equal 
to 540 36', and P successively equal to 15^ 30°, 45°, 60«, 75^ and 
90®, we find the hour angle for one hour to be 12^ 19', for two 25^ 12', 
for three 39° 11', for four 54P 41', for five 71° 48', and for six 90^* 
Then (Jig, 32) draw two parallel lines, ah, a'h', iat a distance asun- 
der, equal to the thickness of the stile, and let them be crossed per- 
pendicularly by 6cc'6, the six o'clock hour line. Draw, also, ell; 
clO, c9, &c. making with ca angles respectively equal to 12<* lO', 
25° 12', &c. and draw c'l, c'2, c'3, &c. making equal angles with &af. 
The hour lines for the times before six in the morning, and after six 
in the evening, are found by producing 3c', 4c', 6c', through c'; and 
7c, 8c, 9c, through c. The stile is to be a firm slip of metal, or other 
substance, alike thick throughout, having its back a plane inclined to 
the plane of the dial on the northern side, at an angle equal to the 
latitude, and meeting it in the points ccf. The half hours, quarters; 
or other minuter divisions, if the dial be on so large a scale as to ad- 
mit them, may be obtained with nearly sufficient accuracy by dividing 
the angular spaces between the hour lines into equal parts. Should 



• For Glasgow (latitude 56<> 62') the hour angles are 12^ 30', 25*» 32'J, 
89*> Sri, 66° 6% t2* a, and 90^ 
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much accuracy be required, however, the aji2ir>gyi{i2(^^mrfive the 
angular spaces with precision by taking P in it successively equal to 
70 30', 150+70 30', &c. for the half hours; and equal to 3^ 45', 7° 
30'+3o 45', &c. for the quarters. It is plain that the line bounding 
the dial, which in Jig, 34 is a circle, may be a square, or any other 
figure that the maker of the dial may prefer ; and the northern side 
of the stile may be straight or curved, or of any outline whatever. 

179. A north or south erect dial would be constructed by means of 
(221) in a manner exactly similar. On the south erect dial it is un- 
necessary to put any hours, except those between six in the morning 
and six in the. evening, as the sun can never shine on it at other times. 
According, also, to Ex. 11, page 75, the sun can shine on a north 
erect dial at Belfast, even at the longest day, only a little more than 
the time before seven in the morning and after five in the evening ; 
and, therefore, in constructing such a dial, the intermediate hours 
may be omitted. The angle of the stile is equal to the colatitude. 

18Q. If the dial be a polar one, that is, if its plane be perpendicular 
to that of the equator, the formula (219) fails ; but the construction 
is more simple. Thus, in case of a vertical dial (Jig. 35) facing the 
cast or west, the hour lines are all parallel, and the stile is erected 
perpendicularly on the six o'clock hour line, to which its back is pa- 
rallel. Then, if the height of the stile be assumed as radius, the dis- 
tances from the six o'clock line to the seven o'clock and five o'clock 
lines are each, according to the principles explained in No. 175, the 
tangent of 15^ : the distances to the next lines are each the tangent 
of 30^, &c. Hence, if « be put to denote the height of the stile, and 
H' the perpendicular breadth on the dial between the six o'clock line 
and any other hour line corresponding to P, the distances between 
the six o'clock line and the others may be computed by this analogy, 

R : tanP :: s : H' (222) 

Thus, if the height of the stile were 2 inches, we should have the dis- 
tance between the six o'clock hour line and the five or seven o'clock 
one equal to '5359 ; the distance between the same and the four or 
eight o'clock line equal to 1*1547, &c. These distances may be easily 
determined by construction, without computation, by describing from 
C as centre, with a radius equal to the height of the stile, an arc 
AB of 90®, and dividing it into six equal parts. Then, straight lines 
drawn fi-om C through the several points of division will cut DB in 
the points 7, 8, 9, &c. The dial is to be placed so as exactly to fyuce 
the east, and so that a line drawn through C, and making with G A 

L 
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an angle equal to the latitude, may be horizontal ; as by this means 
the back of the stile will be parallel to the earth's axis. 

It is plain that the same dial would serve as a west erect one, If the 
numbers 1, 2, 3, &o. were substituted for 11, 10, 9, &o. 

181. Having now seen the method of constructing horizontal dials, 
and vertical ones ^ing the four cardinal points of the horizon, we 
may consider briefly the theory of those dials whose planes occupy 
other positions. Of these there are two varieties, vertical declining 
dials, and inclining, dials. A vertical declining dial has its plane 
perpendicular to that of the horizon, and cutting it at a distance from 
the east and west point called the declination of the dial ; while an 
inclining dial has its plane oblique to the plane of the horizon, and 
making with it an angle called the inclination of the dial. 

182. It is plain from No. 176, that a dial which is truly constructed 
for any place whatever on the earth's surface, will divide the time 
truly at any other place on its surface, and in any position; provided 
its stile is perpendicular to the equator. Hence, a horizontal dial, 
constructed for any given place, will divide the time truly at any 
other, if it be so placed that its plane and its stile are parallel to 
their original positions ; and, conversely, a dial may be constructed 
on a declining or inclining plane at a given place, by finding the two 
places whose horizons are parallel to that plane, or, which is the same, 
by finding the positions of the poles of the great circle parallel to it ; 
as a horizontal dial for either of those places will indicate the time 
truly at the given place, except the difference in their reckoning of 
time arising from their difference of longitude, if they be not on the 
same meridian. 

183. These principles will be illustrated by the following example : 
If, at Belfast, a great circle cut the horizon 33® 45' from the south 
towards the west, and be inclined to it at an angle of 25®, rising 
above it on the north-western side, it is required to find the latitude 
and longitude of the place in the northern hemisphere, of which this 
circle is the horizon. 

Let Z (fig. 30) be the zenith of Belfast, and B the pole of the 
given circle, or the zenith of the required place. Then, since the 
given circle and the horizon are inclined at an angle of 25®, ZB, the 
distance of their poles, will likewise be 25®. It is also evident, that the 
angle EZB is the complement of 33® 45'; and therefore BZC is equal 
to 33® 45', and PZB to 123® 45'. From these, and from ZP, the co- 
latitude of Belfest, we find, by case III., BPZ=326® 8', PBZ=:37® ff, 
and PB=s52® 56'. The last of these quantities is the cobtitude of 
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the required place, and oonsequendj its latitude is 37^ 4'; also, BPZ 
is the difference of longitude of Belfast and the required place. Now, 
by reducing this difference of longitude to time, according to note 
(part 23), page 68, we obtain P 44° 32% the quantity by which the 
reckoning of time at the place whose zenith is B, is more acb^anced than 
the time at Belfast. Hence it appears that, were a horizontal dial 
constructed for latitude 37° 4', and erected at Belfast in the position 
described in the problem, with its stile directed to the pole, it would 
constantly indicate the thne 1^ 44°* 32' too far advanced ; ntaking it 
appear, for instance, to be twelve o'clock, when it is only 15™ 28' past 
ten. The time, therefore, might be ascertained correctily at Belfast 
by such a dial, placed so as to be parallel to its original position, by 
always subtracting the constant quantity P 44° S2'. This subtrac- 
tion, however, which would be very inconvenient, may be obviated in 
the following manner. 

184. Draw the parallels {fig, 36) cs, cfif, making each with ah an 
angle of 37° 8' (= PBZ, last No.) ah being the intersection of the 
plane of the dial, and a vertical circle perpendicular to it: then the 
stile is to be erected perpendicularly on the space scdsf, which is 
therefore called the suhstik; and, by what we saw in the last No., 
when the shadow falls on this space, it is 15° 28' past ten o'clock. 
We have now (220) R : sin 37° 4f : : tan26o 8' : tan 16° 28% the 
hour angle on the dial between the substile and the twelve o'clock 
Hue. Again, 

R : sin 37° 4' : : tan (26° 8'— 15°) : tan 6° 46% 
R : sin37° 4' : : tan(26° 8'+15°) : tan27° 46% 
R : sin 37° 4' : : tan (26° 8'— 30°) : tan (—2° 20^), 
R : sin37° 4' : : tan(26° 8'+ 30°) : tan41° 46% 

These are the angles which the hour lines for eleven, one, ten, and 
two o'clock make respectively with the substile ; and the other hour 
angles are found in a similar manner. The angle of the stile is 37° 4'; 
and the dial is to be erected in such a manner that, if two plumb- 
lines be suspended, one above a and the other above 6, a horizontal 
line passing through them may be directed to a point of the horizon 
56° 15' (=90°— 33° 45') from the south towards the east, and so 
that the line ah may have an elevation of 25^, at the north-western 
side. 

185. By taking Z=37°4', andd=23°28' (in the note, page 73), we 
get P^7'* 17°, which is half the length of the longest day at a place 
in the latitude of 37° 4% Subtracting this from 10** 15°, and also 
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adding it, we get 2*» 68" and 17** 32". From this it appears that, afc 
BelfiEist, the son would cease to shine on this dial on the longest day 
at thirty-two minutes past fiye in the eyening; and that, if he rose so 
soon, he would begin to shine on it at two minutes before three in the 
morning. Hence, as the sun rises that day at hsdf-past three, it is 
unnecessary to mark any hours on the dial except those between that 
hour and half-past fire or six in the evening. 

186. In case of a vertical declining dial, the process is rather more 
simple, ZB (Jig. 30) being a quadrant. The simplest of all dials, 
however, is the equatorial or equinoctial one, so called from its plane 
being parallel to that of the equator. It will appear, from the slight- 
est consideration, that each hour line will make, with the one next to 
it, an angle of 15^', and consequently that the positions of the hour 
lines|will be obtained by dividing each quadrant into six equal parts. 
It is manifest, abo, that the stile will be a pin perpendicular to the 
plane of the dial ; and that, during the six summer months, the sun 
will shine on the upper side of the dial, and, during the rest of. the 
year, on the other side. 

187. The determination of the meridian line is necessary to enable 
us to give to a dial its proper position at any particular place. This 
may be effected by marking the position of the shadow of an object 
perpendicular to a horizontal plane at a particular instant, and at the 
same time measuring the sim's altitude by a quadrant or other instru- 
ment. Then, in the triangle ZBP (Jig, 30) there are given the 
three sides to find the angle PZB, the azimuth from the north ; and 
one of the lines drawn on the horizontal plane, making with the 
direction of the shadow an angle equal to the computed one, will be 
tlie meridian line. 

The same may also be effected by bisecting the angle contained 
by the shadows of a perpendiculajr object, on the same day, at the 
two times when it has the same altitude. If this method be employed, 
the observations should be made about the solstices. 

It may be observed, in conclusion on this subject, that, to find the 
true time by means of a sun dial, the time which it indicates must 
always be corrected for the equation of time, the table of which is 
given in almanacs, and various other publications.* 



* The fbregoing section exhibits the general principles on which the construc- 
tion of the commoner kinds of dials depends. Dials may also be described on 
curve surfa-ces ; and there are various other modes of determining time by means 
of shadows, several of which are ingenious and interesting. For information 
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VIII.-^MULTfPLE ARCS. 

188. By squaring COS.A+ sin A V — 1, we obtain 
(cosA+sinAV — l)^=:COs*A — sin2A+2cosA sinAV — 1; 

or, by the application of (38) and (37), 

(cosA+sinAV^)^=cos2A+sin2AV^. 

Multiply by cos A + sin A V — 1, and modify the second member of 
the result by ( 14) and (12); then, 

(cos A+ sin AVlIi)^=cos3 A+ sin3 A V^. 

By successive multiplications by cos A + sin A V — 1, and by means 
of (14) and (12), we should find that, n being any whole positive 
number, 

(cos A+sinAV— l)"=cosnA+sihwAV^ ... (223) 
It will appear hereafter (Nos. 190 and 191) that this formula holds 
true when n is any number, whole or fractional, positive or n^ative. 

189. By taking A negative, the last formula becomes (No. 14) 

(cos A— sinAV — l)"=:cos.nA-— sianAV— I ... (224) 

This result might also be obtained from cos A — sin A V — 1, by a pro- 
cess nearly the same as that in No, 188 ; and it will appear hereafter 
(Nos. 190 and 191), that this formula will also hold when n is any 
xiumber, either whole or fractional. 

190. If cosnA+sinwAV^ be multiplied by cos« A — sinwAV— 1, 
the product b cos^nA+sin^nA; which (6) is= 1. Hence, by di- 
vision, we get 

1 _ 

-~ ;• ;■ . 7r7===:cosn A — sinn AV — 1 ; 

cosnA+.smwAv — 1 

or, by substituting for the denominator its equal in (223), 

1 . 

': 7~; : : 7==^T7=cosnA — sinwAV — 1, or 
• (cosA-}-smAV — 1)" 

(cosA+sinAV — l)""=cosnA — sinnAV— I. 



respecting these contrivances, as well as many other particulars connected with 
the subject, should the student feel a wish to aevote tune to a study that is more 
curious than useful, recourse may be had to the treatises written expressly on 
this branch of science. 
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Now (No. 14), cosnA=:cos( — nA), and sinnAr: — sin( — nA). 
The last formula, therefore, maj be written 

(cos A+BmA\dl)*"=cos( — nA) + ^in( — nA)V— -1 ; 

a formula which proves that (223) is true when n is a negative in- 
teger, as well as when it is a positive one. 

191. The same formula is also true when n is a rational fraction. 
To prove this, it follows, from (223), that p and q being any whole 
numbers, positive or negative, 

(cos-A+sin-AV — l)'=cos|)A+sin|}AV — 1 
= (cos A4- sm A V — I)'' ; 
whence, bj extraction, and by taldng the second member first, 

(cofiA+sinAV — 1) 'rsrcos-A+sin- AV — 1; 
V ' q q 

a formula which, if n be taken instead of the fractional index, is the 
same as (223). 

It would be shown, in a similar manner, that (224) is true, while n 
is rational, whether it is whole or fractional, positive or negative. 

If n be a surd, or any other irrational number, we can find a frac- 
tion diflfering from it by a quantity less than anything that can be 
assigned ; and hence (223) and (224) are proved to be true for any 
real value whatever of ». These two important formulas were dis- 
covered by De Moivre. 

192. The formulas (223) and (224) are true without any modifi- 
cation, when « is a whole number. To show how they are true, and 
how they give the different values of the left-hand members, when n 
is a fraction, we must substitute for cos A and sin A their equals, by 
(10) and (9), cos(2nV+A) and sin(2n'flr+A), n' being an integer. 
By this means, th^ first members remaining unchanged, we obtain 

{coBA'{-smA^/^)''=:iCOB{2nn^*i^nA)+sm(2nn^9t+nA)^/^ (226> 

(cosA--smAV^)'^cos(2nn'ir+nA)— sin(2nn'ir-|-wA) V~i (226) 

These formulas are true for every value whatever of n. If it be an* 
integer, the second members become simply cos«A±sin» A V — 1, 
and the formulas are therefore reduced to (223) and (224). If n be 
a fraction, the left-hand members will have, by the theory of equa- 
tions, as many values as there are units in the denominator of n; and 
these values will be found by taking n' successively equal to 0, 1, 2, 
3, &c. When, in these successive substitutions, n' is at length taken 
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equal to a denominator of n, the product nn' will be a irhole num- 
ber, and (No. 12) the resulting value of the seccmd member is the 
same as when n'cssO ; so that the right-hand member wOU thus, ad it 
ought, have just as many values as the left. 

193. To illustrate the foregoing remarks by an exatiiple, let n=|; 
then (225) becomes 

(cosA+sinAV^)*=cos(fnV+|A)+sin(fnV+|A)V^; 

and by taking n' successively equal to 0, 1, 2, and 3, we find the only 
four values of the second, and, consequently, of the first member to 
be 

cos|A + sin|AV^, 

cos(270o+|A) + sin(270«+|A)V=i, 

cos(640'>+|A) + sin(640«+f A)V^, and 

cos(810«+ 1 A) + sin(810o+| A) V^ ; 

or, by contraction, by means of No. 12, and formulas (12) and (14), 
cos|A+ain|AV^, sinf A — cosfAV— 1» 
— cosfA — sinfAV^, and — sin|A+cos| AV — 1. 

Were n' taken equal to 4, 6, 6, &c. we should have the same series of 
values recurring perpetually. 

194. By taking half the sum and half the difference of (223) and. 
(224), and dividing the latter by V^, we obtain 

cosn A=i J(cos A+ sin A V— 1)"+ (cos A— sin A V^)"? (227) 

sinnA=— ==:J(cosA+sinAV— I)"— (cosA— sinAV^)"K228) 
2v'^l 

195. By expanding the parts composing the second members of 
these, by the binomial theorem, and contracting the results, the ima- 
ginary expressions disappear, and we obtain the following interesting 
formulas for the cosine and sine of a multiple arc : 

nfn 1) 

cosn Aszoos'A \ o cos*~*A sin^A 

«(n— .l)(n— 2)(« 3) „.4A • 4A * /^OOAX 

+ -^ — '19^4 COS**"* A sxn* A — &c. , . . . . . (229) 

A « 1 A • A **(** — 1) (»* — 2) ^, . . , . 
smnA=ncos" *AsmA ^^ TfT^ cos""'A sm'A 

n(n-.l)(n^2)(»~3)(n^4) , .^ . «. . ,oqax 

+ '^^, 1234 5 ^ cos"-*A sin*A— &c (230) 
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When n is a whole positive number, some one of the &ctors n — 1, 
n — 2, A^c. will vanish by being n — n, and the series will consist of a 
finite number of terms ; but if n be fractional, the series will be in- 
finite. 

196. By taking n successively equal to 2, 3, 4, &c. in these, and 
substituting 1 — cos^A for sin^A in the first, and 1 — sin^A for cos* A 
in the second, we obtain the following systems of the cosines and sines 
of multiple arcs: 

cos2A= 2cos«A— 1 ^ 

cos 3 As 4cos*A — 3 cos A I 

cos4A= 8cos*A — 8cos*A+l \^ C23n 

cos5A= 16cos*A — 20cos^A+5cosA / 

cos6 A= 32cos6A— 48cos*A+18cos«A— 1 I 

&c, &c. &c. J 

sin 2 A= 2sin A cos A 
sin3A= 3 sin A — 4 sin' A 

sin 4 A=: (4 sin A — 8 sin' A) cos A \ (232^ 

sin5A= 5sinA— 20sin'A+16sin«A ^ ^ 

sin6 A= (6sinA]-«32sin'A+32sin«A)cos A 

&c. &c. &c. 

197. We may now investigate the method of transforming a power 
of the cosine or sine of an angle into an expression composed of sines 
or cosines of its multiples, — an important problem which is the con- 
verse of the one investigated in No. 195. To effect this, assume 

cosA+sinAV — 1=^, and cos A — sinAV — 1=:^. 

Adding these together, we get 2cosA=^ + i?; whence, by the bino- 
mial theorem, 

or, as it may be expressed. 

But, by No. 190, zv^l, and consequently its powers, z^v^, &c. are 
equal to the same. These factors, therefore, will disappear in the 
foregoing development. We have also (223) 

;8r"=:cosnA4.sinnAV — 1, 
;er-*=cos(n— 2) A+sin(n— 2) AV^, 

&/C. &c. &c. 
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Then, bj substituting these for their equab, and by separating ih» 
real and ima^arj parts, we obtain 2* cos" A 

f co»iiA.f ncos(n-.2)A+'iiy~-^cog(n-4)A | * ("^^^ f|»--g) co, (,»_e) A+ &c. 5 

" ^ + 1 ainnA.|o,»m(n~2)A^-!Lllli^,in(n--4)A | *'^'*'^^'*''^\m{n^6)A-^^ I V"^^ 

198. This formula is general, being, like those from which it is 
derived, equally applicable, whether n is integral or fractional. When 
n is a whole positive number, the second part of the series vanishes, 
and the expression becomes simply the following, which will consist 
of n+1 terms, the first and last of which are equal, as also those 
equally distant from them : 

f"co8»Ar=cosnA+nco«(n-2)A+^i^^^cos(n-4) A+^^^:=^^ &C (J34) 

To illustrate this, it is plain that, in both parts of the series, the 
coefficients of all the terms following the first n+l terms would 
vanish, in consequence of containing the factor n — n. It will also 

be seen that the numerator of the last coefficient will be n(» — 1) 

3.2,1, and its denominator 1,2.3 (n — l)n, so that the numerator 

and denominator being equal, the coefficient itself will be unity, the 
same as the coefficient of the first term ; while, in the coefficient of the 

last term but one, the numerator will be n(n — 1) 3.2, and the 

denominator 1.2.3 (n — 1), so that the coefficient itself becomes 

simply n, the same as that of the sec<md term: and a like illustration 
is applicable in respect to the other terms. It is also easy to see 
that the arc in the last term is — nA, that in the preceding term 
— (n — 2) A, &c. the negatives of the first, second, &c. terms; and, 
since, as we have already seen, the coefficients of these terms are 
equal, it follows (No. 14) that, in the second part of the series, the 
first and last terms, the second and the last but one, &c. mutually 
destroy one another ; and, when n is even, the arc in the middle term, 
and consequently its sine, will become nothing. From this it appears 
that, when n is a whole positive number, the coefficient of V — 1, 
becomes nothing; and, therefore, the second part of the series dis- 
appears. 

199. By taking n successively equal to 2, 3, 4, &c. in (234),* and 
halving the several results, we obtain the following system: 



• In deriving these, we may avail ourselves of oontraotion^ ariaing from th« 
considerations contained in the last No. Thus, when n is odd, and comie- 

M 
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2C0t*Asr:(S082A+l 

4cos'A =cos3 A+ 3co» A 

8cos*A = cos4 A+4:COb2A+ 3 
16co8^A=cos5A+5co83A+10cosA 
32cos<^A=:co86A4.6co84A+15co82A+10 ' 
&c. &c. &c. 



(235) 



200. Take the difference of the formulas at the beginning of No. 
197, and multiply bj — V— I; then, 28inAss:(^— «) (— V— 1). 
Expanding this by the binomial theorem, and proceeding as in No, 
197, we find 2*sin"A 



co»nA— ncos(ii— 2)A+^-^^-3— 'coi(»--4)A— &c / 

Sinn A-n»iii(n— 2)A+^~I^8in(n-4) A— Ac. V y_i V 



201. We may now consider this formula when n is a whole positire 
number,* and we shall find that it takes different forms according 
to the form of n. It would appear, as in No. 198, that when » is even, 
the second part of the series yonishes, the coefficient of V — 1 be- 
coming nothing. In this case, also, if n be 4, 8, 12, &c. or, in gene- 
ral, if it be of the form 4 m, m being a whole number, the multiplier 
( — IV—i)" will become simply 1; but, if n he 2, 6, 10, &c. or 
4m + 2, the multiplier will become — 1. On this supposition, there- 
fore (236) will be reduced to the following, in which the upper sign 
is to be used when n=4m; and the lower, when 9»=4m-|-2: 

2'»iin''A'=2±i { CQ8»A*-^ ooa(tK-2) A+SijXJ oo8(»-.^) A— &o. \ . (337) 

202. If n be an odd number, it would appear, in nearly the some 
manner, that the first port of (236) would yonish, and that the 
formula would be converted into the following, in which the upper 



quently the number of terms eyen, the second members will be fomid simply by 
substituting n in the general formula (234), and taking all the terms in wnieh 
the arc is positive ; and, in addition to mis, when n is even, the last term, 
which is a number, is to be halved. The same if to be observed in respect to 

(237) and (238). 

* When n is a fraction, (233) and (236) give the several roots or values of 
2"cos'*A and 2" sin^A ; but the examination of this part of the theory is not suf- 
ficiently elementary to begiven here. The subject of this Section has been 
lately examined by the Prenoh mafehematidans, Poisson and Pinnsot, and 
freea from eivori whieh had eseaped the observation of fenner writers. 
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sign 16 to be used whm n=s=4:m+l^ and the Weir' whennzs 
4w+3: 

2"sm'«A==fc I sinnA^n sin(n — 2) A-[- ** "7" ^ Bin(n — 4) A — &c. j- 



1 



20S. Bj taking n equal to 2, 3, 4, &c. we obtain i^m the last two 
fonnulas the following: 
2sin«A=— C0S2A+I 
lsin'A= — sinSA+SsinA 
8 sin* A = cos 4 A — 4 cos 2 A+ 3 \ ^239^ 

16sin»A= sin5A— 5sm3A+;iOainA ^ ' ^ ^ 

32sm«A=— €os6A+ 6eos4A— 15cos2A+10 

&c. &c. &c. 

These formulas might also be obtained, very simply and easily, 
from formulas (235), by substituting 90^— A for A. 

204. By dividing (230) by (229), and agam (229) by (230), and 
then by dividing the nimierators and denominators of the second 
members respectively by cos^A and sin" A, we get 

ntan A-.^^^^=^^)tan»A+ &e. 

tanwA= J r^ F^^Vt ^w oa ' (^*^> 

n(n-l) n(n~l)(n~2)(n~a) ^ 

1.2 »'*»"-^T 1.2.3.4 v^iA-a^ «.v.. 

cot"A— ^^^2=i> cot-2A+ &c. 
cotwA= H ! (241) 



l.«.«> 



IX.— MISCELLANEOUS PROPOSITIONS.* 

205. Prove that the sum of the tangents of the three angles of a 
plane triangle is equal to their product. 

This follows at once from Euc. I. 32., and from (43); as, in case 
of a plane triangle, the first member of this equation vanishes, which 



* This Section will be foiiod to contain, in small compass, much usefdl mat- 
ter that could not be mven at greater length, without swelling this work beyond 
its intended limits. Bj studying it ^itn care, the student will not only be pre- 
sented with useful exercise on the preceding part of the work, but he will nnd 
himself enabled to apply with success, the principles already established, in 
such cases as may turn up in the farther prosecution of his studies. 
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can take place onlj when the numerator of the second member also 
Tanishes; that is, when tanA4-tanB + tanC=tanA tanB tanC. 

It is evident, also, that, if the sum of three arcs or angles be any 
multiple of ISO^', the product of their tangents is equal to their sum. 

We should find, in like manner, from (44), that the sum of the co- 
tangents of three arcs is equal to their product, when the sum of iho 
arcs is («+ J)^, n being any whole number. 

206. Given the base, the vertical angle, and the sum of the sides 
of a plane triangle ; to find the sides. 

Since (Euc. I. 32) half the sum of two angles of a triangle is the 
complement of half the remaining angle, we have, from (76), 

c : a + h :: sinJC : cos^(A — B); 

whence the remaining angles will be known, and thence the remain- 
ing sides. 

We should have, in like manner, from (77), 

c : a — b : : cos^C : sin^(A — B); ^ 

an analogy which solves the problem in which the base, the vertical 
angle, and the difference of the sides, are given. The same formulas 
may also be adapted to solve the problems in which the base, the 
difference of the angles at the base, and either the sum or difference 
of the sides are giveii; and they solve, without modification, the 
problems in which there are given two angles and the sum or dif- 
ference of the opposite sides. 

207. Given the base of a plane triangle,^one of the angles at the 
base, and the difference of the other sides ; to resolve the triangle. 

Here, taking c as base, and taking half the difference, and half the 
sum of it and a — 6, we find s — a and s — 6 ; and if A be the given 
angle, we have (82) 

s — b : s — a : : tanj^A : tan^B. 

208. Given the base of a plane triangle, one of the angles at the 
base, and the sum of the other sides ; to resolve the triangle. 

This will be solved by means of formula (83). 

209. Given the angles and the perimeter of a plane triangle j to re- 
solve it. 

By dividing the value of sin.^C, according to (79), by the product 
of the values of cos J A and cos^B, according to (80), and converting 
the product into an analogy, we obtain 

cos^AcosJB : sin^C : : 5 : c. 
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210. Giyen two sides of a plane triangle, and the dif^rence of the 
opposite angled ; to resolve the triangle. 

By (75), a—b : a+b :: tani(A— B) : tanJ(A+B). , 

T 

211. Given the times at which the sun sets and is west on the 
same day, at a particular place ; to find the latitude of the place, and 
the sun's declination. 

To solve this, taking formulas 1 and 6 in the note, page 73, divide 
the first of them by the second, and also find their product : then, if 
the signs be changed, the square roots of the results will be the tan- 
gents of the latitude and declination. 

212. Given the time of the sun's setting, and his altitude at six 
o'clock on the same day, and at the same place ; to find the latitude 
and the declination. 

This question will be easily solved by dividing equation 3 by equa- 
tion 1 in the same note ; as the sum and difference of equation 3 and 
the quotient will become, by (14), (16), (31), and (32), 

., , -. 2sinacos*iP j ^t jv 2 sin a sin ^iP 

213. Given the azimuth at setting, and the altitude at six o'clock ; 
to find as before. 

By equalling the values of siad in the second and third of the 
same equations, we find, by an easy process, 

. 2sina 

sm2fc= — P7-. 

cos Z. 

214. Given the azimuths of the sun at setting and at six o'clock ; 
to find as before. 

Multiply the second of the same equations by the fourth, divide 
the result by cos?, and multiply by sine?; then, by writing 1 — cos^d 
for Bin^d, there will arise 

1 — cos'{l=cosZ cotZ' coBd; 

fi*om which the value of cosd will be found by the resolution of a 
quadratic. 

215. Given the sun's meridian altitude, and his altitude at six 
o'clock, at the same place, and on the same day ; to find the latitude 
and declination. 

Let a" and a be the respective altitudes : then it will be seen from 
fig. 30, that E»=zH»+EZ--ZH, or d:=:a"+l— 90^; whence sind= 
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--^coB(a''+0' ^7 multiplTing this bj siat, and oamporing the pro- 
duct with equation 3, note, page 73, we obtain 

sin 2 cos (a" 4-0)= — s^**» ^^ 0^'^) 
sin(a"-|-20— aina"=— 2sina. 

From this a'^+2h and conseqaen% { itself, will be known. 

216. Given the sun*s declination, and the intarval between the 
times at which he is west and sets ; to find the latitude. 

Let T be tlie given time ; then P— F= T, and (16) 

cos P cos P' + sin P sin P'= cos T. 

We have also, bj taking the product of equations 1 and 6, in the 
note, page 73, cosP cosF= — tan^d From the doable of this take 
the former, and there will remain 

cosP cos F— sin P sinF or (14) cos(P+ F) =z — cot T— 2 tan ^d. 

Having thus %he sum and difference of P and F, we can ind these 
angles; and, from either of them and the declination, the latitude 
can be found by the note already referred to. 

217. Required the sum of n terms of the two series', 

sini^+sm2(p + sin3(p+ + sin»9, and 

coap + cos.2p + coa3<l>+ + cos.nf . 

To sum these and similar series', in which the arcs are equidifierent, 
multiply by twice the sine of half the common difference, modify the 
products by (19) and (17) contract the results, and divide by twice 
the sine of half the common difference. Thus, to sum the first of 
these, put 

«s=sinp + sin2p+sin3?>-|-... + sin(» — l}(p -{-sinnp. 

Then, multiplying by 2sin^p, applying (19), and separating the posi- 
tive and negative terms, we obtain 2 5 sin ^p 



={ 



cos^p + cosfp-|-... + cos(w — fp) + cos(n — J)p 

.-— cosfp — eos^9+ — cos(»— -^p) — cos(« + ^ 



Now, it is evident, that the second member becomes, by contraction, 
cosi^p — cos(n + ^)f, or (23), Zsinjnp sin^(n-|- l)p. Dividing, 
therefore, by 2sinip, we get 

sin^ttp 8in^(n-|- l)p 
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wfaich is the required suin; and, by a process exactlj similar, we 
should find for the other series, 

sin^nf cosi(«+l)(p* 

*~" sin-^p • 

218. Required the sum of n terms of the series, 

cosec A+ co8ec2 A+ cosec4 A+ cosec 8 A+ . . . + cosec2**""' A. 
Here, by successive applications of (53), we obtain 

cosec A = cot ^ A — cot A, 
cosec 2 A= cot A — cot2A, 



cosec2"-* A=cot2"-* A— cot2*^> A ; 

and by summing these, we find, in consequence of all the terms of 
the second members destroying one another, except the first in the 
first equation, and the last in the second, 

« =s: cot J A — cot 2*~* A. 



• Dividing the former sum by the latter, we obtain 

sinf)+sin2^+Bhx3^-h +^^"^^ :=.tan^(n4-ntf> 

C08^+C0B2^C0S3^-|- +C08W^ *^ ^ '^' 

From the first of the foregoing sums it would appear, by taking ^=1', that the 

ijxi. • i. uAi. • X • xu J 4.. 8in46°Xsin(45°0'30") 
sum of the smes of all the mmutes m the quadrant is= ^^•— on// 

= 3438*2468 ; and, in a similar manner, the sum of the cosines of the minutes 
in the quadrant would be found to be 3437*2468, being less than the foregoing 
by the radius. % 

In the sums found above, it may be remarked, that the arc in the denomina- 
tor is half the common difierence ; and, of those in the numerator, one is n times 
half the common difierence, while the other is half the sum of the arcs in the 
first and last terms. The sum of the arcs themselves is J w (n+1 ) ^ , or, as it may 

be expressed. 4^m > *° expression analogous to the first of those 

found above. 

To find the sum of an irdmU number of terms of series', such lis those in 
the text, Cagnoli modifies tne numerator of the sum by ( 19) or (17), and rejects 
in the result the term which contains the infinite arc ; as, he says, the sine or 
cosine of such an arc is unassignable. In this way, tiie sums in the text would 
become ^cotj^^, and — \. Tins is an error, however; as the sine or cosine of 
an arc mdenmtely increased is imassignable, not firom its minuteness, but 
ttoTD. its perpetually changing its magnitude as the arc varies ; and hence the 
sum of the mfinite series m both cases, is indeterminate, as there is no limit 
to which it approximates. 

The sum of m terms of the series, sin^-f-2" sin2^-f-3'* sin3^-|-4" sin4^-[- &c. 
or of any aitnilar series^ either of sines or cosines, when «» is a whole number, 
would baJbund by multiplyiii^ n-yi times by sin)f , and each time apj^ying 
(19) or (17) ; or, more generalfy, the same method is applicable in aU cases. 
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219. Required the sum of n terms, and the siim of an infinite num- 
ber of terms, of the series, 

sec2A+isec»iA+TiffSec«iA+^seo»iA+ &c * 

m xi-' i_ • 1 sin*a? 1— cos*« 

To sum this, we have sec»«= — -- = -r- — = ~^^° '^ _. 

cos^a; sm'd? cos^o; sm*« cos*« 

1 cos 'a? _ 4 1 4 1 

sin^a? cos^a; sin'a? cos^a? 4sin2«? cos^a; sin^a;^ sin 22a? wJx' 

Taking co in this formula successively equal to A, J A, JA, &c. and 
dividing the second result by 4, the third by 16, &o. we obtain 



sec'A=j 



isec«iA=^ 



sin»2A sin«A ' 
1 1 



sin^A 4sin*iA* 
,,^ 1 1 

^^^"^ *^-4sin«iA~16sin2iA' 



A 1 1 



Sec-'^Tz-rzir 



2"-* — A A • 

* Sin 2^, 4 sin*g;j:^j 



and adding these together, we get 



■sin«2A ., . . 



Now if n, the number of terms, become infinite, the arc in the 
denominator of the last term will become infinitely small, and there- 
fore (No. 162) equal to its sine. Using, therefore, the square of the 
arc instead of the square of its sine, and observing that 4"-* is equal 



when the arcs axe equidifierent, and the coefficients are such that some of the 
orders of successive diiferences yanish ; such as when the coefficients are figa- 
rate numbers, or the powers of equidifierent numbers. 

It may be proper to remark, that if in the two series' considered above, and 
in their sums, ^ oe changed into it — f , we should obtain the sums of the two, 

sin^ — 8in2^-f sin3^ — sin^^-j- ±Binn^, and 

cos^— cos2^-}-cos3^— sin4^4- =*= cosn^. 

* A series similar to this is proposed for sunomation in Luby's Tri^nometry, 
page 92, No, 16 ; but both the result, and the principles on which it is^tained, 
are incorrect. 
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to the sguare of 2*'^\ if we put $' for the sum of the infinite series, 
we get 

4 1 



s'= 



■ sin22A A«* 



1 4 

Hence, -r-r =-r-rHT — fi'=4cosec*2A — s\ a formula which gives 

the square of the reciprocal of an arc, and thence the arc itself, by 
means of the cosecant of its double, and of the secants of itself, its half, 
its fourth, &c. Thus, if A=45^= J^, we get, since cosec.90'*= 1, 

rj^==4— (secH5<'+isec222<>30'+^secnP 15'+ &c.) 

Now, from (38), we have l+coa2A=2cos3A; whence, bj divi- 
ding both members bj l-J-co82A, and cos*A, we get sec*A = 

2 

j-T- 2T ' * formula by means of which, and of (73) and (74), the 

square of the secant of half an arc may be computed. Thus, by 
tiding A successively equal to 46®, 22^, 30', &c. we should find the 
values of the cosines of these arcs, and thence sec.' 46®, sec? 229 30', 
secPll® 15', sec?5® 37'^, &c.; by employing which in the foregoing 
formula, we should be enabled to find the value of w. As, however, 
this important number may be more easily calcidated by other means, 
it is unnecessary to give the computation here ; but it may serve as 
an exercise to the student. 

220. If the logarithms of two numbers, a and 5, be given, the loga- 
rithms of their sum and difference, and of the sum and difference of 
their squares, may be obtained in the foUowmg manner, without 
finding the numbers themselves. 

Put a+h under the form a(l+-); and put -=tan?^, so that, sup- 
plying the radius, taking the logarithms, and halving, we shall have 
logtang=i(20-|-log6 — log a). By this means, we obtain a -|- 6= 
o(l-|-tan*f)=asec2g; whence, by supplying the radius, and taking 
the l<)garithms, we get log(a-|-6)=loga-}-21ogsecf — 20. 

Again, putting a — h under the form a ( h — j, assume - = sin ' £ ; 

then, a — hzza(l — sin'f)=:acos'f. Hence, therefore, find g .from 
the equation logsinf= J(20+log6 — loga) ; then log(a — b)zzloga -J- 
21ogcosg— 20. 

By a similar process, we should find that, if logtan£=:10-t-log& 

N 
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— loga, then log(a'+6*)=2(loga+log8ecf — 10); and if.logsmf 
=10+log6 — logo, then log(a2 — 62)=i2(logo+logcosg — 10). 
The same results might also be obtained in other modes. Thus, 

putting a + 6 under the same form as before, and assuming -= cos ^, 

we get a + 6z=a(l+cosg)=2ocos2jf. Hence, therefore, find ^ 
from the equation logcosf=10+log6 — ^loga; and then will log(a+6) 
=log2+loga+21ogcosif — 20. In using this method, the greater 
number must be put =a, as otherwise cos^ would be greater than the 
radius. 

The principle employed in this No. — that of introducing an auxi- 
liary arc — is often useM in adapting formulas for computation 
by means of logarithms. On the same principle, we might derive 
the results contained in Section III. from No. 86 up to the scholium in 
page 38 ; and the following Nos. afford other examples of its use. 

221. Quadratic equations may be solved, by means of trigonomet- 
rical quantities, in a way which is sometimes easier in practice than 
the common method. Thus, if the proposed equation be aaj^+ftos 
=c, by multiplying by 4a, adding 6^ to both members of the product, 
extracting the square root, transposing h, and dividing by 2 a, we 
obtain 

Now, accordingly as 4a c is positive or negative, let us assume 
-T7-=tan2^, or -—^zBia^g ; and we shall have 

«?=^(— Idbsec^), anda?=2^(— Irtcosg). 

But — lz±:sec^= ^"^ ; the two values of which, by (32) and 

(31), are 

COSf cos^ 

In the first case, therefore, putting a/ and a/' to denote the roots, 

we shall have «?'=-. 21 and «/'= 2i . and dividing the 

a cosf a cosf ° 

latter by the former, and multiplying the result by a/, we obtain 
«"=— a/cot^if. 

lix the second case, — l + cos^= — 28in'if, and — l.^cosf=3 
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— 2cos*if ; and therefore a/r= .sin'J^, and «;"= .cos*^^; or 

Hence, to resolve the equation aas^ + hx=:c : 

I. If a and o have the same sign, find § from the equation, 

logtanf=J(20+log4+-loga+logc— 21og6); then, "\ 
loga/=log6 + 21ogsinJ^ — loga — logcosg.^— 10, and > ... (242) 
loga?"=loga?'+ 21ogcotig— .20. J 

The signs of these roots are contrary, 

II. If a and c have contrary signs, find § from the equation, 

Iogsing=^(20 + log4+loga+logc^21og6); then, ^ 
log«'=:log& + 21ogsin^^— loga— 20, and > ... (243) 

log«"=loga/+21ogcoti^— 20. J 

The latter of these cases is impossible, when the data are such as 
to render sin^ greater than the radius; that is, when 4ac is greater 
than 6*. 

These methods of solution may be employed with advantage when 
the coefficients are large numbers, or fractions with large numerators 
or denominators. 

222, Cubic equations may also be solved on similar principles. 
Thus, let the proposed equation he (x^+ax=:h. By substituting 
y+z for X, this is changed into 

which, by taking 3yz= — a, becomes y^+z^=zh. 
From the square of this, take four times the cube of yz, found from 
the equation Syz=: — a, and the square root of the remainder will be 
the value of y^ — z^. Then, taking the cube roots of half the sum 
and half the difference of this, and of t/*+^^=6, and adding them 
together, we find 

.=^{i^+^v/^•+t1*)}+^^{i»-ly^■+¥)}■ 

No^"/ ' be positive, put 5=^=tan2p, which gives i6=cotp^^; 

then, 

^=^ Ji6(l + seep)} +^Ji6(l— seep)]; 

or, by substituting its equal for J 6, and by an easy reduction, 
«=ViaX (v<cotip — t^tan^p). 
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Put v^tan^^stan^, and consequently 4^cot^p=cotf ; then (51) 

«^ 2ar _ 

a::;:2cot2^^a;* where tan9="3y Via, and tan£r=v^r3tan^f..(244) 

If m this case h be negative, the value of x will be the negative 
of the foregoing ; but every thing else will be the same as above. 

223. If a be negative, this method fails. In that case, assume 

4a^ 
sin'f =^=— , ^nd tan^ as before. Then, by a process similar to the 

foregoing, and by using at the conclusion the formula found by ad- 
ding together (50) Oiud (63), we obtain 

2ar 

j:=2cosec2gVio; where sinpsz-g^V^a, andtan^=y'r*tani9.(245) 

If in this case h be negative, the value of «, as in the last No. will be 
the negative of the foregoing ; but the method of computation will be 
the same. 

224. Even this method sJso fails, if 4a' be greater than 275^, as 
cos 9 would be imaginary, and the equation would belong to what has 
been called the irreducible case. To investigate the method of solu- 
tion in this case, we have the equation a^ — aa!r=:b, where the co- 
efficient of X is negative, and h either positive or negative. Now, using 
^z instead of A in the second of formulas (231), supplying a radius r, 
and dividing by 4, we obtain cos'^^r — ^r^cos^z^^r^GOSz. Com- 
paring this with the proposed equation, we have 

azrcos^^r, a=|r2 hzz^r^cosz. 

The second of these gives r=2 V Ja; while, by using this value for 

r, we find, from the third, oos;er=— ; and it is obvious, that if the 

radius were equal to the value of r above mentioned, we should have 
xzzcosiz. To find the value of x, therefore, to the radius 1, we di- 
vide the value of cos^, and multiply that of x, by the foregoing value 
of r, and we thus obtam 



cos^ 



3& /3 _ 36 ,„^ ^_cosio<2Via 

= — ^ 7—, or cos;3f=— =, and xsz — ^— . 

-^ 4a aaVia r 



Now, since (No. 17) cos ;ef is the same as cos (-y +360^), or cos (jcr-|-720°). 



* In the actual computation here and elsewhere, the student wiU have no 
difficulty in eupplymg the radins r, when neoessary. 
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series' for the sine and cosine of an arc. 101 

we may use one third of each of these arcs as well as j^;er. Hence, 
therefore, since (Nos. 15 and 14) cos(j^«+120o)=— cos(i^;er— 60®), 
and cos(^^ + 240°)= — cos(^-er + 60°), we have the following yalues 
of a, which are the three roots of the equation : 



.. (246) 



cos4o<2Via cos(j^;gcQ60°)x2Vj^a ") 

cosa«+60°)x2Vio , 36r ( 

aj= ^ — ' ^^ — ^^-2~; where cos -r= = i 

^ 2a^/ia J 

When h is negative, the signs of these roots are to be changed. 

225. To find series' expressing the sine and cosine of an arc in 
terms of the arc itself, divide both members of (229) and (230) by 
cos" A, and iftie terms in the second members, exclusive of the coef- 
ficients, will become 

1, tan* A, tan* A, &c.; and 
tan A, tan^A, tan* A, &c. 

In the results thus obtained, let nA^x, and consequentlj n = -r> 

then retaining the denominators of the left-hand members unchanged, 
we shall have, instead of their numerators, cos a; and sin a;; while the 
right-hand members will become 

a;(a;— A)tangA , a?(a?-^A)(a?— 2 A) (a;^3A)tan*A ^ , 

^ L2A^ "^ 1.2.3.4 A* &c.; and 

a;tan A x(x — A) (a?— 2 A) tan'A , . 
-A ^ 1.2.3k» + ^- 

tan A. 
Let, now, A=0; then, -t--=1*» cos" An 1 (No. 10); and, A dis- 
appearing in the coefficients, we shall have 

'^^^-1-2+101- 1.^.3.4.5.6 + ^- - (2*^> 
Sia*=»-j^ + j;^j5;g-&c (248) 



* That the ratio of a diminishing arc and its tanji^ent tends to become that of 
equality as its limit, will appear as follows. The area of tiie triangle AGH 
( na. 1) is equal to iCA.AH; and the area of the sector ACF is equal to 
i C A. AF, as may be shown by resolving it into an infinite number of infi- 
nitely small sectors by radii, which sectors may be regarded as trianides. 
Hence, CAH : OAF ; : JCA.AH : JCA.AF ; : AH : AF. But CAH > 
CAF; therefore, AH >AF; that is, tanA>A, or, by dividing by A, 

-"^ > 1. Now, since a straight line is the shortest diatanoe between two 
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These series' were discovered by Newton; and they enable us to 
Qompute the sine and cosine of any arc, the length of which is given, 
to the radius 1. 

226. Given, in a survey, the angular elevations of two points above 
the plane of the horizon, and their angular distance asunder ; to find 
the horizontal angle, or angular distance of the projections of the 
given points on the plane of the horizon by perpendiculars. 

This angle is evidently the same as the vertical angle of a spherical 
triangle, of which the measured distance is the base, and the comple- 
ments of the elevations the sides, as wotild appear by producing the 
perpendiculars till they meet in the zenith. The calculation, there- 
fore, is effected by the first case of spherical trigonometry. When 
the elevations are small, the observed angle may be reduced to the 
horizontal one by an easy approximation ; which, with several others 
of a similar kind, may be investigated most easily by means of the 
differential calculus. 

227. The following interesting theorem was discovered by Le- 
gendre : 

If there he a spherical triangle, the sides of which are very small 
compared with the radius of the sphere, it is very nearly equivalent 
to a plane triangle which has its sides equal to the sides of the pro- 
posed triangle, and its angles equal to the angles of the same dimin- 
ished respectively hy one third of the spherical excess,^ (See No. 148.) 

To prove this, we have, from (85), 

cos A sin 6 sincncosa — cos 6 cose. 
This, by applying (247) and (248) to all the sines and cosines con- 
tained in it, except cos A, and by rejecting all quantities rising above 
four dimensions, will become 6ccos A{1 — i(h^ + c^) 

=J(63-l-c2— -aO— i^(6*+c*— a*)— ^62^2. 



points, and since the sme of an arc is half the chord of twice the same arc, we 

have sin A < A, or — r— < 1 ; and, therefore, dividing by cos A, we get 
A 

— J — < -r. Hence, — r— is of a magnitude intermediate between 1 and 

A. cos ^ XX. 

— -r, the latter of which (No. 10) tends contmnally to 1 as its limit, when A 

is diminished indefinitely ; and hence, when the arc is infinitely small, the 
ratio of it and its tangent will differ in an infinitely small degree from that of 
equality ; so that, when the arc is in a vanishing state, it and its tangent are 
to be regarded as equal. 
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By contracting this, dividing by tho coefficient of cos A, and perfonn- 
ing the actual division by 1 — iC&^ + c^) we obtain 

"^'^^ 26^ + 2Uc ^^• 

Now, if A' be the angle of a rectilineal triangle, the sides of which 
are equal in length to the arcs, a, 6, c, the first part of this is equiva- 
lent (78) to cos A'; and, by takmg the square of this value of cos A' 

from unity, we find the second part to be equal to ^ ; so 

that 

. ., tcsin^A 
cos A=cos A' -A . 

D 

If A = A'+a?, we get cos A=: cos A' cos a? — sinA'sino?; which, by 

applying (247) and (248), and rejecting the second and higher powers 

of 07, becomes cosA=cosA' — x sin A'. Equalling this and the for- 

fee sin A' 
mer value of cos A, and rejecting cos A', we get a;= — g — ; and, 

therefore. 

Now, according to the note, page 20, ^hc sin A' is the area of the rec- 
tilineal triangle whose sides are a, 6, c; and this will not differ sen- 
sibly from the area of the spherical triangle, which, by No. 148, is 
proportional to the spherical excess. Putting, therefore, the excess 
equal to E, we have AzzA'+^'E, and it might be shown, in a simi- 
lar manner, that B=B'+i^B, and C=C'-t-^B. 

By the introduction of the radius r, the proof would be rendered 
apparently more strict. The final conclusion, however, is the same ; 
and the proof is somewhat more simple, as given above.* 



* By means of this theorem, a spherical triangle, whose sides do not exceed 
a degree or two, may be resolved as a plane one by taJdng from each of its 
angles one third of tne spherical excess. Hence, if the angles and one side be 
detennined by measurement, the excess will be known ; and the other sides 
will be computed by the first case of plane trigonometry. 

This theorem, as well as those in ffos. 226 and 228, is useful in aeodetical 
operations, that is, in surveys of kingdoms or other large portions of the earth's 
surface, in measuring the lengths of de^ees, or in determining the relative 
positions of noted places. It would be inconsistent with the nature of this 
work to ^ve minute details respecting this important branch of practical 
science. At the same time, it may be interesting to the student to have some 
idea of the general nature of such operations. 
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228. If, in a spherical triangle, two sides h and c and the contained 
angle A be given, and if A' be put to denote the angle contained bj 
the chords of 6 and c, then 

cos A'=:cosA cos^& cos^c+sm^& sini^c. 

For (38) cosa=l— 2sin*ia=l — |ifc', cos 6=1— ^A/^, and C08c= 
1 — ^kf'^, k, ky and h*, being the chords of a, 6, and c; also (37) 
sin&=2sin^&cos^&=X;'cos^&, and Bvacsih' am^c. The substi- 
tation of these in (85) gives, after rejecting 1 in each member, trans- 
posing —\h^ and — i^S and dividing bj kh', 

.2yyi =C0SA COSi^^ COS Jc + JA/A/'. 

But (78) the first member of this is equivalent to cos A'; and, by our 
assumption, ^A/A/'rzsin^ft sin]^c; whence, 

cosA'=cosA cos^& cos^c + sin^& sin-^c... (249) 

If, by this formula, all the three angles of the triangle formed by 
the chords, be computed, their sum should be 180°; and this aflfords 
a test of the accuracy both of the observations and of the computa* 



Let UB suppose, then, that the earth is an exact sphere, or rather that the ob- 
servations made on its surface, varied as it is, are reduced, by No. 226, to what 
they would be on a sphere. Then, if signals, such as spires, towers, poles erect- 
ed for the purpose, or other objects, be assumed at as great a distance 
asunder as will admit of distinct and accurate observations, with telescopes of 
considerable power attached to the instruments used in measuring the angles, 
the country will be divided into a series oi 'primary triangles; and if any side 
of any one of these be measured, the remaming sides of all of them may be 
computed by Legendre's theorem. By means exactly similar, each of these 
triangles is resolved into a number of others, called secondary triangles; and 
thus the positions of towns, and other remarkable objects, are detenoodned. 

The length of the hase^ or line measured, which is an arc of a great circle, 
must be determined wilh extreme accuracy ; as an error in measurmg it would 
affect the entire survey. For checking the measurements and the computa- 
tions, it is proper to measure some other line at a considerable distance from 
the first; as the comparison of its measured and computed lengths will be a 
test of the accuracy of the intermediate operations. Such a Ime is called a 
hose of verMcaiion, The measurement of a base is one of the principal diffi- 
culties in the survey, chiefly on account of the inequalities of the sur&ce, and 
the variations in the lengths of the measuring instrument, arising from the 
change of temperature. On this account, the base is assumed on as flat a 
portion of country as can be obtained ; and the chain, or other measuring 
mstrument is constructed with extreme care. The degree of accuracy ob- 
tained by these means, is very remarkable. Thus, in the Trigonometrical Sur- 
vey of Sngland, the dififerenoe between the measured and computed lengths of 
a base of verification on Romney Marshy nearly five miles and a half in fength, 
was only about two feet ; though the series of friangles, oonnectiii^ it with the 
original base on Hounslow Heath, extended over a space of eighty miles. 
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tiofl. Delambre has given another formula instead of the foregoing, 
and has computed tables to facilitate the calculations. 

229. Let AT>zzq (Jig, 37) be an arc of a great circle drawn from 
the vertex, to any point in the base, of the spherical triangle ABC, 
and let the segments of the base CD, DB be respectively denoted by 
6', &. Then, by (85), and (No. 15), 

cos6=:cosADC sin6' sing'+cosft' cos^ (260) 

and cosc= — cos ADC sine' singr+cosc' cos^ (251) 

These twe equations contain six quantities, 5, c, h\ o', q, and 
ADB. If, however, any one of them be given, or if one of them be 
a function of one or two others, — ^that is, if it depend upon them, so 
that it may be determined by means of them, the number of inde- 
pendent quantities will be reduced to five. By eliminating one of 
these between the two equations, an equation wiU be obtained con- 
taining only four quantities, and the resolution of it will give any one 
of them in terms of the other three. It is only in a few cases, how- 
ever, that formulas of elegance or value will be thus obtained. The 
following are some of the more interesting. 

230. Let 6'=zc'z=ia. Then, by adding (260) and (251), we get 

cos6+cosc=2cosia cosq; or (22) 

cos^(6-|-c) cos^(6 — c)=cos^acosg (252) 

Hence cos^a : cosJ(6+c) :: cosi^(6 — c) : cos AD; whence we 
can find AD, the line bisecting the base, when the three sides are 
given. 

Square both members of (252) : then by (6), &c. 
«n'i(H^)+8i^*K^ — c)— sin'J(6-j-c) sin*J(6 — c)=sin'i«-|-sm*q^— sin*Ja sin'g. 

By dividing the last terms of these equals by r^, &c.; as in No. 163, 
we have, in a plane triangle, 

i(h+cy+^(h — cy=ia^ + q^; or, by doubling, &c, 
h^ + c^z:ziia^ + 2q^; 
— ^a well known theorem. (Euc. II. A.) 

231. Let, again, 6=c; then, by taking the difference of (250) and 
(251), and by transposition, we get 

cos ADC sin q (sin h' + sine') = cos q (cos c' — cos &'). 

Divide by co&q and sin 6' -{-sine'; then, by (28), 

cos ADC tan3=taiii(^'— «0 (263) 

This formula might also be obtained by No. 107, from the right 

O 
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angled triangle contained by the perpendicular of the isosceles tri- 
angle by q, and bj the part of the base intercepted between them. 

232. If g=icr, we have, by (250) and (261), 

cos h = COS ADC sin h\ and cos c = — cos A DC sin c'. 

TT cose — cos 6 sin&'+sinc' .^.^^^ , .^.ix 

Hence j r=^— ^ ,, . — ,; or, (25) and (24), 

cosc + cos6 sin6' — sine' ' ^ '^ ^ ^ 

tan^(6— e) _ tan^a 

cot^(h + c)-^ tani(6'— e') ^^^^ 

This formula affords the means of finding the segments of the base 

made by either of the quadrantal arcs drawn from the vertex. 

By taking ADC = 90S and dividing the difference of (250) and 

(251) by their sum, we should get formula (149). 

233. Putting now the angle BAD = B', and CAD=C', we have 
by (101) and No. 15, 

cos B = cos ^ sin B' sin ADC + cos B' cos ADC '^ /255^ 
cos C = cos gr sin C sin ADC — cos C cos ADC J'"^ 

Like (250) and (251), these formulas contain six quantities, and 
will give different formulas according to the values or relations of 
those quantities. 

234. Thus, let B'= C'= ^ A. Then, by taking the first from the 
second, and by (23), 

smi(B + C)sini(B— C)=— cosJAcosADC .... (256) 
Hence, cos^A : sin^(B+C) :: sin^(B — C) : — cos ADC, or 
cos ADB. We have thus the means of computing the angles which 
the arc bisecting the vertical angle makes with the base. 

235. Let us now take B=C ; and, by subtracting, transposmg, &c., 
we get 

cosgsinADC(sinB'— sinCO=— cosADC(cosC'+cosB'). 
Hence, by resolving this for cos q, and by (29), 

cos(?=— cot ADC cotJ(B'— CO ... (257) 

This might be obtained by means of No. 107, from the rjghtangled 
triangle mentioned in No. 231. 

236. By taking q=^'jr, and dividing the difference of formulas 
(255) by their sum, we get, by (25), 

tan i(B+C) _ coti(B'-CO . 

coti(B-^C)"" tan^A •:• V-^^^>' 

By taking ADC=90o, we should get formula (150). 

237. Let DBCD' and DBCJy (fig, 38) be the halves of two great 
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circles intersecting each other in D and D'; and through any point 
A let great circles be drawn cutting them in B, B', C, C: join also 
AD. Then, putting AB=c, AB'=c', AC=6, and AC'=6', we 
ha?e, by (95), 

cote sinAD=cotADB sin DAB+ cos DAB cos AD, 
cote' sin AD=cot ADB' sin D AB+ cos DAB cos AD, 
cot 6 sinAD=eotADB sin D AC + cos D AC cos AD, 
cot6'sinAD=GotADB' sin DAC + cos D AC cos AD. 

Divide the difference of the first and second of these by the difference 
of the third and fourth : then 

cote' — cote sin DAB /9«q\ 

cotA'-KJot^—sinDAC ^ ^ 

Multiply the numerators of this by sine sine', and the denominators 
by sin 6 sin 6': then, by (13), 

sin (e — c') sin DAB sin e sin c' 
sin (b — 6') sin DAC sin 6 sin 6'' 

Now, by the formulas of the four sines, in the triangles DAB, DAC, 
sin DAB sine=sinADB sinDB, and sin DAC sin6=sin ADB sin DC: 

and by substituting- these in the last, and contracting, we obtain, 

smce CD'=:t— DC, 

sin (e — e') _ sin DB sin e' ^ sinDB sine' /o An\ 

sin(6— 60~ sinDC sin ^'"" sin CD' sin 6' ^"^^^^ 

Hence, when DB = CD', we get the curious and interesting for- 
mula, 

sin(e — e') sine' ^, , . sinBB' sinAB' ^ri/>iv 
-T-yr — 77^=z-r-T7; that IS . ^^, = . . ^, .... (261) 
Bxn(o — 6') sin6' sinCC smAC ^ ^ 

From this we have the analogy, 

sinAB' ; sinB'B : sin AC : sinC'C; 

which, when the radius of the sphere is infinite, becomes 

AB' : B'B : : AC : C'C, 

the same as Euclid, VI. 2. 

Formulas of some interest would be derived from (260), and (261), 
by taking h and e each =90<*; by taking 6';=e'; by taking b — b'=z 
c— e', &c. 

238. Let BEC (Jigs, 39 and 40) be a circle (great or small) on the 



Digitized by VjOOQ IC 



108 PROPOSITIONS IN SPHEBICAL GEOMETRY. 

surface of a sphere, and Uirbugh any point A on the surface, draw 
great circles cutting it in B, G, B, and £ ; then 

tan^AC taniABzrtan^AE tan^AD (262) 

To prove this, take P the pole of BEC, and join PA, PC, PE ; 
draw also PF perpendicular to BC, and PG to DE. Then, by (116), 
co8FC _ cosPC , cos GE _ cos PE _ cos PC 
cos FA "" cos PA' cos G A "" cos PA "" cos PA' 

Equalling the first members of these, we get, by composition and di- 
vision, and by (25), the expression given above. 

This formula corresponds to Euc. III. 35 and 36. It gives 
those propositions, in fact, by taking the radius of the sphere infinite, 
quadrupling the results, and making one of the circles drawn from the 
external point touch the given circle. 

239. Let B AC (Jig. 20) be a right angle, and let AD be perpen- 
dicular to BC. Then (No. 107) 

sinAD=tanBD cotBAD, and sinAD=tanDC cotCAD. 
By taking the product of these, since BAD=:^cr — CAD, we get 

sin2AD=tanBDtaiiDC (263) 

Again, (No. 107), 

cos C= tan AC cotBC, and cosC=tanDC cot AC. 
Hence, by equalling the second members, and multiplying by tan AC 
tanBC, we get 

tan2AC=tanBC tanDC -(264) 

When the radius of the sphere is infinite, these two formulas be- 
come the same as the corollary to Euclid, VI. 8. 
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X.— QUESTIONS FOR EXERCISE. 

Ex. 1...4. Prove the truth of the following formulas: 

(1) sm'A— 8m'B=co8'B— .co82A=8in(A4-B) sin(A— B); 

(2) co8»A-.8iii«B=cos2B— sin*A=cos(A+B) co8(A— B); 

(3) tan»A-tan«B=^l^i^+^i!5i4:Z^>; 
' cos'A cos^ B 

(4) cot»B-cot»A=«^(AtB)J>5(A=B). 



(11) tanl6«^2— V^; 

(12) tan 75^=2+ VS; 

(13) tanl8«=V(l— ^V6)i 
(U) tan72«=V(5+2V5) 
(16) taii36^=iV(5— 2V5) 
(16) tan54L«=V(l+»V6) 



sin^A sin'B 
Ex. 5... 18. Prove also the following: 

(5) sin 9°=iV(3+V6)— iV(5— V5); 

(6) 8in81*»=i V(3+ V5)+1V(«— V5); 

(7) sm22<> 30'=i V(2— V2) ; 

(8) Biner* 30'=iV(2 + V2); 
(9)8inl6«=iV(2— ;V3); 

(10)sin76<»=iV(2+V3); 

(17) sin 3«==i(— 1+V5)V(2+V3)— frV(10+2V6)V(2— V3); 

(18) sin87^=i(— 1+V5)V(2— V3)-{-iV(104-2V5)V(2-|-V3). 

Ex. 19. In a plane triangle, prove the following formulas : 

1. tanj A tan^B tan^Czz-; 

2. ver8m.A=-^ f^ -; 

be 

h + c _ cos^(B— C) _ l + tan^Btan^C , 
a + 6+c"" 2cosiBcosiC~ 2 

b + c _ cos^(B— C) l + cot^BcotjC 
• 5 + c— a"~2siniBsiniC"" 2 

r being the radius of the inscribed circle, and s half the perimeter, 
Ex. 20. In a plane triangle, if C=:60S €^=za^+b^—ab ; but if 

C=120o, c^zza^ + b^ + ab. Required the proof. 

Ex. 21. Prove that, in a plane triangle, the straight line drawn from 

A to the centre of the inscribed circle is zizl^ c^^y — . 

22. If equilateral triangles be described extemallj on the three X 
sides of any plane triangle, the square of the straight line joining the 
centres of any two of these triangles is equal to^(a^4:6^ + c*) + 
f A V 3, where A is the area of the given triangle. Required the 
proof. 
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Ex. 23. Prove that, in a spherical triangle, 
tani(a + *) : tani(a— J) :: tani(A+B) : tani(A— B); 
and show from this how the problems may be solved, in which two 
sides and the sum or difference of the opposite angles, or two angles 
and the sum or difference of the opposite sides, are given. 

Ex. 24. In a spherical triangle, if the sum of the three sides be 
180^, the sine of half any angle is a mean proportional between the 
cotangents of the containing sides ; but if the sum of the three an- 
gles be 360°, the cosine of half any side is a mean proportional be- 
tween the cotangents of the adjacent angles. Required the proofs. 

^ Ex. 25... 36. Required the method of resolving a right-angled 
spherical triangle, from any of the following data: — (25, 26) The 
hypotenuse and the sum or difference of the legs; (27, 28) The 
hypotenuse and the sum or difference of the adjacent angles; (29, 
30) An angle and the sum or difference of the opposite leg and the 
hypotenuse; (31, 32) An angle and the sum or difference of the 
adjacent leg and the hypotenuse ; (33, 34) A leg and the sum or dif- 
ference of the other leg and the hypotenuse ; (35, 36) . A leg and 
the sum or difference of the adjacent angle and the other leg.* 

"^ Ex. 37... 40. Given the base and the vertical angle of a spherical 
triangle; given, also (37, ^8) the sum or difference of the other 
sides ; and (39, 40) the sum or difference of the other angles; to re- 
solve the triangle.t 

Ex. 41. Given the altitudes of the sun at six o'clock and when 
east or west, on the same day, and at the same place ; to find the lati- 
tude and declination. 

Ex. 42...51. Required the method of finding the latitude and de- 
clination from any of the following data, according to the notation 
adopted in the note, page 73: 

(42) a, Z'; (44) a', Z'; (46) Z, P; (48) a', P; (50) P, Z'; 

(43) a\ Z; (45) a', F; (47) Z\ P'; (49) a, F; (51) P', Z. 

Ex. 52... 56. Given the sun's meridian altitude, and (52) his alti- 
tude when west; (53) the time when west; (54) his azimuth at six 



• Solutions of all these, and several similar questions may be obtained from 
(203) to (212), inclusive. 

t These questions will be solved by means of XI, XII, XIII, XIV, in the 
note, page 36. Questions similar to these may be solved by means of (108), 
(109), (110), and (111); and also of (149), (168), and the mtennediate for- 
mulas. 
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o'clock ; (55) the time of rising or setting ; and (56) the amplitude : 
to find, in each case, the latitude and declination. 

Ex. 57. Given tlie interval between the times at which the sun 
rises and is east, at a place whose latitude is known ; to find his de- 
clination. 

Ex. 58. Given the angle contained bj two hour lines (such as thd 
three and four o'clock ones) on a horizontal dial ; to find the latitude, 

Ex. 59. In what latitude will the angle contained bj the five ancl 
six o'clock lines on a horizontal dial, be double of the angle con-> 
tained by the twelve and one o'clock lines? — Answ, 44° (K^. 

Ex. 60. In what latitude are the hour lines for ten and five o'clock, 
on a south vertical dial, perpendicular to each other? — Answ. 47° 3'^. 

Ex. 61. To find the latitude at which, on a given day, the hour 
angle on a horizontal dial, at the time when the sun is east or west, 
win be of a given magnitude. 

Ex. 62. On a horizontal dial for latitude 54° 36', what two hour 
anglfes differ by 16°, while the corresponding times differ by an hour ? 
Answ,— The times are 2'* 41^"' and 3^ 41^™. 

Ex. 63. In latitude 54° 36', for what time are the hour angles, on a 
horizontal, and on a south vertical dial, complements of each other? 
Answ. 3^* 42'" 1'. 

Ex. 64. Required the declination of a star, which in latitude 54° 
36' N. would shine on a north vertical dial during half the time of 
its continuance above the horizon. — Answ. 27° 23' N. 

Ex. 65. Investigate the following formulas ; m denoting the num- 
ber of terms in the second member before the last or fractional term 

cosnA , ^. . , o\ A 1 / K\ A . cos(n — 2m) A 

— — -=:cos(n — 1)A — cos(n — 3)A+cos(n — 5) A — . -^ ^ ' 



2cosA V / \ / ••• 2cosA 

cosnA . , ,.. . . o\A • / K\A , cos(n — 2m)A 

2cosA ^ ' ^ ' ^ ' 2cosA 

sinnA , ixa . / o\ a . / k\ a . . sin(n — ^2m)A 

77-5r-r=zcos(n — l)A+cos(n — 3)A+cos(n — 5)A+...A \ ». - 

2smA / 1 \ / I \ / I -r 2smA 

Ex. 66. Prove that the sums of n terms of the series', 
smm<p+8ia{m + r)(p'\'Bm(m + 2r)f + sin(m + 3r)(p+ &c., and 
cosmp + cos(m + r)p+cos(w+2r)f + cos(m + 3r)p + &c., 

are, respectively, 

sin Jnrf sin J m + ^(n — l)r]<p , sin ^nr ^ cos {m + ^(n — l)r]<p 
sm^rf) sinjrp 
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Ex. 67. Prove that ^ 

sin^+sin3^+sin5p+sin7^4' &c« _. 
cosp+cos3p+cos5p+cos7^+ &c."" ^' 

n being the number of terms in either the numerator or denominator. 
Ex. 68. Prove that the sum of the infinite series, 

sin A cos — 1— A+sm — x- A cos — ^ A+sin — r- A cos — t-A+ &c. 

is sin A cos A ;* and that the sum of n terms of the same series is 

sm — -— A cos — -— A. 
m m^ 

Ex. 69. Prove that the sum of n terms of the series, 
sin A smA+sin2 A sin2^A4.sin3A sin3*A+ &c. 
is ^versinn(n+l)A. 

Ex. 70. Prove that the sum of n terms, and of an infinite number 
of terms, of the series, 

^tan^A+Jtan|A + JtaniA+ &c. 

are respectively -jr- cot -;r- A — cot A, and -r — cotA. 
Ji A , A 

Ex. 71. Prove that the sum of the series, 
sin2A sm2A+sin4A sinSA+sinGA sinlOA+sinSA sinl7A4- &c. 

is cos 2^ A — cos(w2+n+J)Acos(n+J)A. 

Ex. 72. Prove that the sum of tanA+2tan2A+4tan4A+ 
8tan8 A+ &c., to n terms, is cot A — 2" cot2"A. 

Ex. 73. Prove that the sum of n terms of the series, 

2sin-^sin«^+2«sin^,sin«^+2»sin23sin«^+2*sui2isin«25+ &c. 

A 

is ^(2"sin2r;; — sin A); and that the sum of an infinite number of 

terms is ^(A — sin A). 
Ex. 74. Prove that 

sina?=scosia? cos^a; cos^« cos-j^ eosH;X2''sin^, 

n denoting the number of the cosines. 



* Smce, whatever m is, the sum of the infinite series is sin A cos A, or 
\ sin 2 A, by giving various values in m we may have as many infinite series' as 
we please, the sums of which will b^ all equaJL 
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Ex. 75. If A^ be the angle contained by the chords of b and c, two 
sides of a spherical triangle ABC, prove that 

., 1 + cosa — cos 6 — cbsc 
cos A'=: '.,-.., . 

Ex. 76. Prov^ that, on the same supposition, 

. ,_ 8inB cos(S — B)+sinC cos( S — C ) — sin A cos(S-^A) 
"" 2VsinB sinC cos(S— B) cos(S— C) 

Ex. 77. Prove, that in an equilateral spherical triangle, cosA = 

cos a cos .^ 

g^3^; that cosa=g^j^; and that 2cosia8iniA=l. 

I 

Ex. 78. In a rightangled spherical triangle, if the hjpotenusiB c be 
double of the leg a, prove that sinArs^seco; but if a be double of 
c, prove that sin A = 2 cos \ a. 

Ex. 79. When the sun's longitude increases m times as fast as hi^l^ 
declination, prove that ^ 



• jj /^^ s^^ ft» + 1) (m sin « — 1) 



(m + l)(m-l) 

where d is the declination, and « the obliquity. 

Ex. 80. Divide the surfewe of a sphere into two equilateral trian* 
gles, having their areas in the ratio of m to n. — Answ, In one of the 

triangles each angle will be ; — x60®; in the other — ■ x60®/ 

^ ^ . m + n m + n 

Ex. 81. From a given spherical lune, contained by two great cir- 
cles, to cut two isosceles triangles^ so that the remaining quadrilateral" ./ 
may have its sides equal. — Answ. cot AB=sin^ A; where AB is one 
of the equal sides of the isosceles triangles, and A the angle of the 
lune. 

Ex. 82. Required the angle contained by two great circles forming 
a lune, which is such that it may be divided, by two great circles, into 
three equal parts, two of which are equilateral triangles, — Answ* 
77° 8'f 

Ex. 83. To draw B'C, an arc of a great circle, dividing a given 
spherical triangle ABC, in the ratio of m to n, and so that, in 
the triangles ABC, AB'C, B : B' : : C : C\ — Answ, B'sb 

P 
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XL— ELEMENTS OF ANALYTIC GEOMETRY * 

240. ly analytic geometry, the position of a point in a plane is 
generally determined either by the lengths of two straight lines drawn 
from it parallel to two lines given in position, and terminated by 
those lines ; or by the length of a line drawn from it to a fixed point, 
and the angle which that line makes with a fixed line passing through 
the same point. Thus, if the straight lines AB, CD, {fig, 41) inter- 
secting in O, be given in position, and P be any point in the same 
plane, and if PF, PE be drawn parallel to AB and CD, it is evident, 
that if PF and PE were given, the position of P would be deter- 
mined, as it would only be necessary to make OE, OF respectively 
equal to them, and to complete the parallelogram. In the second 
method, if the straight line OB be given in position, the position of P 
will be determined, if the angle BOP, and the straight line OP, be 
given; as it is only necessary to make each of them of the given 
magnitude. 

241. In the first method, PF and PE are called the co-ordinaU& 
of the point P ; or if only one of them, as PE, be drawn, it is called 
the ordinate, and OE, equal to FP, the abscissa : AB and CD are 
called the axes of the co-ordinates; — AB, the axis of the abscissas; 
and CD, the axis of the ordinates: is called the origin of the co-ordi- 
nates, and the co-ordinates are said to be rectangular, when the axes 
cut one another perpendicularly ;— otherwise, they are oblique. In 
the second method, O is called the pole, OB the fixed axis, and OP 



* The object of analytic geometry is to eflfect investigations in geometry by 
means <rf algebraic operations. Algebra has been long employed in geometrical 
inquiries, particularly since equations were employed by Descartes to express . 
the properties of curves. It is only in the hanas of some late eminent wntors, 
however, that this combination of algebra and geometry has acquired that regu- 
lar form, and that degree of importfimce in the higher departments of geometry, 
which entitie it to be regarderfas a separate branch of science. Some writers 
term it the application of algebra to geometry; and in one or two works on the 
subject it is called, though not very projjerly, algebraic geometry. By whatever 
name it may be desi^ated, however, it is carefully to lie distinguished from the 
ancient geometrical analyiks, in which, with great elegance, but with much less 
fi^eneratity and power, geometrical inquiries are conducted by means of geometry 
itself, without any assistance firom algebra. What is here given is a mere 
sketch of the first principles, as applied to the straight line ; and it may serve 
as an Introduction to works expressly on the subject. 
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the rauiius vector : and OP and the angle BOP (or the circular arc 
which measures it) are sometimes called the polar co-ordinates. 

242. The position of a point is expressed algebraically by means 
of an equation, from which, if one of the co-ordinates be given, the 
other can be determined ; as it shows their relation, being expressed 
in terms of them, and of one or more other quantities.* Thus, sup- 
pose BOC to be a right angle, and the straight line OP to be given 
=a; then, if OE=:a?, and EP=2/, we have (Euc. I. 47) y= 
ttV(o^ — x^); whence, if x as well as a be given, y, and conse- 
quently the position of P will be determined. If, however, while a 
continues always the same, x should vary in magnitude, the equation 
would become indeterminate, and y might have any value that would 
result from taking « of a magnitude not greater than a, nor less than 
— a ; consequently the point P might have an indefinite number of 
positiona. Still, however, its positions are circumscribed ; as, while 
the values of x are confined within the limits above mentioned, y, for 
each value of a?, can have only two values, one positive and the other 
negative. From these views it is easy to conceive, that, as x may 
change its value by insensible and continuous variations, there is a line 
in which P will always be found. We see, in fact, that this line, since 
in all positions OP is of a fixed magnitude, is the circumference of a 
circle, whose centre is 0, and radius OP. In like manner, in every 
equation containing two indeterminate quantities, if these quantities 
represent lines, the intersection of the co-ordinates is always found in 
a line, the nature and position of which depend on the equation. 
The line thus determined is called the locus of the point of intersec- 
tion, or the locus of the equation ; and the equation, on the contrary, 
is called the equation of the line, or locus. 

Lines are distinguished into orders, according to the degree of their 
equations i^ reference to their co-ordinates ; a line being of the first 
order when its equation is of the first degree, of the second order 
when its equation is of the second degree, &c. 



* Quantities which have always the same value, such as ttie radius of the 
same circle, are called eonstcmt, and are denoted by the first letters of the alpha- 
bet, a, ft, Cj &c.; but those which may change in magnitude, such as the sme, 
cosine, tongent, &c. of a yariable arc, or the co-ordinates of any line, are called 



^, and are denoted by the last letters of the alphabet. The abscissa and 
ordinate are usually denoted by x and y respectively, and the radius vector 
may be denoted by t/, and the angle which it makes with the fixed axis, 
by^. 
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243. We may now proceed to consider the nature and circum- 
stances of a line of the first order, which is the locus of 

. yi=iax + b (265) 

a general equation of the first degree;* P (fig. 41) being any point 
in the line; and 0E=a7, and EP=y, the co-ordinates of that point. 
Hence we have ax^y—b, or if OG =zh,' ax =i OF— OG, oraxFP 
ii= FG ; and consequently FP : FG : : 1 : a ; whence it appears, 
that wherever P is taken in the line which is the locus of the equa- 
tion, the ratio of FP to PG is constant; — a property which can hold 
only when P is in an indefinite straight line drawn through G and P^ 
in which case all the triangles GFP would be similar: that line, there- 
fore, is the locus of the equation ; and hence we infer, that the only 
line ofthef/rst order is the straight line. 

244. If a? i^ in (265), y:=ib, and if y t= 0, a: = — -' ; whence a and 

# a 

h being given, OG and OH, and consequently the points G and H 
in which the line meets the axes, will become known. G will be in 
OC or OD, accordingly as 6 b positive or negative ; and H will be 
in OA or OB, accordingly as a and h have the same or contrary 
signs. If &=0, G coincides with O, and consequently y=iaxi& the 
equation of a straight line passing through the origin of the co-ordi- 
nates, t 

245. Let the angle BOG, made by the axes, =w, and FPG or 
PH£, that which PH makes with the axis of the abscissas, =^: then 



* In this, and in sXH general equations, the coefficients a, 5, &c. may be either 
][>ositiye or negative, though the sign -j- is prefixed to them. In all geometrical 
mquiries, also, they must be such as to make the dimensions of the several 
terms the same. Thus, if h represent a line, cum must represent a line also ; and 
as X represents a line, a must represent a number, or the ratio of two geome- 
trical magnitudes of the same kind. (See tiie first note to No. 11). — For 
the sake of brevity, the line whose equation is y=aa;4^&, may be called the 
line y = cwJ-f-fe; and the point of which the co-ordinates are a? and y, may be 
called the point a?, y. It may be remarked, that the equation y=aM-^h\&ux 
reality not less general than A2^=Baj-h C ; as the latter becomes the same as 
the former, when all its terms are divided by A, and b and a are substituted 
for the absolute term and the coefficient of « in the result. 

t The student will find it useful to apply the principles established in the 
text, here and in what follows, in the performance of exercises such as tli« 
following. 

Exercises. Draw the straight lines whose equations are as follows : . 
\. y^^x+Z. , 3. y=— 2aj-|-3. 5. 3y-j-aJ=6. 

3. y-:2A'--3. 4. yar— 2aj— 3. 6. y^l^x. 
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(Euc. I. 32) CGPt=rCFP— FPG=«— d, the angle which PH^ 
makes with the axis of the ordiuates. Now it was' shown (No. 243), 
that FP : FG, or OH : OG : : 1 : a; or (No. 21) sin(w— ^) : 

sin^ :: 1 : a. Hence the coefficient «=-:—; ^; and we may 

sm(« — 0) '' 

express the equation of the line thus : 

y^sLT-y Ts^ + ^9 orysin(w — 0=a5sin^ + 6 sin(w — 6) ... (266) 

sin(w— tf^ 

If a; he a right angle, sin(w — &) becomes cosd, and consequently 
a==tan^, and the equation is changed into 

y:=za;tan^ + 6 (267) 

246. In finding the equation of a straight line which will satisfy 
certain conditions, the values of the constants a and h are to he de- 
termined according to the given conditions. Thus, to find the equa- 
tion of a line passing through two points whose co-ordinates are x\ 
if, and xf', yf', we have, at that point, by the general equation (265), 

y'^^ax'+h\ (p), and 2^"= oar" -f- 6 (q)\ 

where a and 6 are to be found in terms of xf, y\ xf', and y": and, 
by any of the common methods of elimination, we should find a=: 

^ y'f ~ rgj y" ^/ y' 

^7 — 3, and hzz--^, ry^: the substitution of which in the gene- 

ral equation (266) gives 

y-x'—x"^ x'—x" ' 

the equation required. The following method, however, is rather 
more simple: Subtract (^) from (p) ; the remainder will give as be- 

fore, a = ^7 — ~. Take the difference of (j?) and (^^^\ substitute 

-,' y" 

in it this value of a, and there will result 2^ — y'=:Cx — x')-, — ^; or, 
when cleared of fractions, 

(y-y') (^-«")= C*-*') (y'^y")* (268) 



* As an example of the use of this, suppose the co-ordinates to be rectangu-* 
lar, and a5'=2,y='4, a/'=r— 2, and y'=l. Substitute these in (268); then 
(m--,4)(2 + 2)— (« — 2) (4— 1)=0, or, by contracting, &c. y— |aj=2i, 
tne equation of the line to be drawn. Hence, when 3^= 0, we have 00=: — 3} ; 
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118 IXTERSBCTION 01* TWO STRAIGHT tlN£0. 

the eqoation required, which might be easily reduced to the form 
found above. If the line were required to pass through only one 
point, a/, y', we should have, by subtractbg (p) from (265), 

y— y'=a(a:— 0/)* (269) 

This, which is the equation required, is indeterminate, a being un- 
known ; and consequently the line may have an indefinite number of 
positions, as is also evident from the nature of the problem. 

247. If y =100! + b, and y=:a'x + h\ be the equations of two lines, 
the co-ordinates a/ and t/ of their point of intersection, will be de- 
termined by taking in each equation on equal to a/, and y equal to y', 
and then determining the values of scf and y' from the two equations. 
We should thus find 

h—h' , . ah'—a'hi ,^„^. 

^^-^ZTa'^ ^^^2^=-^^=:^ (270) 

248. To find, for rectangular co-ordinates, the equation of a straight 
line passing through a given point x', ^ (L, fig. 42) and making 
a given angle 6f (HPK) with a given straight line (HGP) whose 
equation is yz=:ax + h: let the required equation be yzz:a'x + h'. 



and when »=sO, y=i2j. To trace the required line, therefore, draw {fig, 42) 
AB and 00 at right angles to each other, and in AO take 0H=r8j, tfiat is, 
equsJ to three times the une assumed as the lineal measure, and a third of the 
same, and in 00 take 00-=: 2^; the straight line passing through O and U 
will 1be tiie locus required. The coefficient — | is the tangent of 1*43° 8', the angle 
which HO- makes with ELA.; and by means of this also we might be assisted 
in determining the position of the required locus. 

Eceerdaes, Required the equations of the straight lines passing through 
points whose co-ordinates are as follows : 

1. y=:2,t/'=:3; aj"=l,y'=2. 3. aj'=0,y=4; y'=3,y'==l. 

2. aj'=2,y=— 1; y'=:— l,y'=— 1. 4. a/^lj^s— 2; «"=— 3,y'=4. 

* in like manner, if y be another point, we have y — ^v=za{x — af'); and 
dividing (269) by this, we get ^"^ = ^[[^ , another Ibrm of (268). 

f Exermaes. Show which of th*e lines represented by the following pairs of 
equations, inters^t, and which do not : and, when they do intersect, nnd the 
co-ordinates of their points of intersection : 

(y^x+\, rt/=2a?— 8, r3y=2aj— 1, 

' Vr=2»+1. V=8flJ— 2. ' \2aj=:3t/. ; 

r2y=»+l, (2y^x+2, pas^y, 

\ y=:^2a+l 'ieyttS*— 1. ' \3»=r— 2y. 
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For the point xl^ %/, this will become y^^^cta^-^^^F^^^^^^^J sub- 
traction, 

y^y'^a'{x—(x^) {p) 

Now (No. 245) az=tand, and o'=tanLKO=:tan(d— ^). Hence, 
by (40), and bj substituting a for tan^, we get «'=fT; — r^» ^^*^ 
this changes (jp) into 

, a — tan^ , ,x-. ^rt^ix 

y-^=rRti5^<*-*>* (271) 

From this, which is the required equation for any value of ^, we 
derive the eqwxtion of a line pctssing through a given point a/, y, and 
parallel to a given line, y^=zax + h, simplj by taking &'= 0, and we 
thus get 

y—y'^a(x—a/) (272) 

i From the same equation, by multiplying the numerator and deno- 
minator of the fraction in the second member by cos^, and then 
taking ^ss^cr, we find, for the equation of a straight line passing 
through a given point, x', vf, and perpendicul<£r to a given straight 
line y=:ax + h, 

y-^=-l(a!-x') (273) 

To find the equation of a straight line passing through Hie ori^, 
and making a given angle 6' with a given straight line, y=:ax + h, 
take a/, y', each = in (271), and the required equation is found to be 
a — tand' ^nnA\ 

''=H;^W-* (274) 

By the same means we find from (273) the equation of a straight 
line passing through the origin, and cutting y=:ax + h perpendicu- 
larly, to be 

y^-l (276) 

If ^'=r^=0, the line is parallel to the axis AB. In that case (271) 
becomes simply y — 1^'=0, a being =0; and x will be indeterminate. 

Again, from (271), x — x'^-^^^—r — j, (y — y'). In this, change 



* By changing af, y, into a/', y, and dividing (271) by the result^ we get 

vi =~~?/» another form of (268), the same as in the note to (260), 
y——y X — X 
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^'into— (900— 0- then tan ^=— cot ^= ; and LPK being then 

parallel to the axis OC, we have for its equation a? — a?'=:0, y being 
indetenninate.* 

249. If it be required to draw a Ime through x', %/, making a given 
angle &' with the axis AB, we have, bj (269) and No. 24J5, 

y—y'=tand' («—«') (^76) 

250. For rectangular co-ordinates, the length of a line joining two 
points, X, y, and a/, t/, is (Euc. 1. 47) VK^ — ^y + (y — t/Yl* 

If x', %fy one of the points, be the origin, this will become simply 
V(a?2+y2), or a;V(l+aO» because (No. 244) yzziax. 

251. To find the length of a perpendicular drawn from a given 
point 0?', y\ to a given line whose equation is 

2/=a4? + 6 (|>) 

By (273) the equation of the perpendicular to that line from the 
point a?', y is 

2(— y= — -(«— a:') (g) 

From (j?) take y*'=iy*'\-ax' — ax'\ then 

y—y'zza(x—x') + h—y'J^ax' 
Equalling the second members of this and (g^), and transposing, we 
get 

fa + - ) (a? — a;') = 'if — ax' — 5, 
or, multiplying by a, and dividing by l + a^, 

x—x'=zj^ (y'^ax^^l). 
If we divide this by — a, and compare the result with (g), we obtain 

By taking the sum of the squares of these values of a:— a?' and y — y\ 



* Exercises. — 1. What is the equation of a straight line drawn through a 
point whose co-ordinates are a/=4 andy=: — 1, ana making an angle of 46®, 
with a straight line whose equation is x-^-y^ 1 ? 

2. Find the equation of a straight line passing through the origin of the co- 
ordinates, and perpendicular to £e line x — y=l. 

3. What is the equation of a straight line passing through the point whose 
co-ordinates are aj'=5, and y=0, and parallS to the line fl?-J-y-J-l=0? 
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and extracting the square root, we get, after a slight modification, the 

required length equal to — /^i ■ ax * 

252. As an application of these principles, let it be required to 
discover whether the three perpendiculars AD, BE, CF, (^fig, 43) 
drawn from the three angles of a triangle ABC to the opposite sides* 
intersect in the same point. To facilitate this investigation, let BC 
be assumed as the axis of the abscissas, and a perpendicular to it 
through B, as the axis of the ordinates: then, assuming BC=a/^ and 
the co-ordinates of A=a?', y\ we have those of B=:0, 0, and of 



• It may he convenient, for the sake of reference, to bring together the re- 
sults thus far obtained, which may be regarded as the elementary principles of 
analytic geometry. We have, therefore, the following table : 

1. The equation of a straight line passing through the origin of the co-ordi- 

nates is y=raa;. (No. 244.) 

2. The coefficient a= . "^^ - or, if w=90^ a=rtan^. (No. 246). 

3; Another form of the equation of a straight line is, by No. 245, 
, ysin(w — i^) = a? sin ^4-6 sin (w — f)\ or, if w=90",y=ajtan^-j-6. 

4. The equation of a line passing through the points, a/, y, and a/', y" , is 

(y~y)(*'-*")=(j^-*')(y-y"). (No. 246.) 

5. The equation of a line passing through one point a?', y, is y — ^z=:a(x — x'), 

(No. 246). 

.6. The co-ordinates af, y, of the intersection of two lines y=:CLx-\-h, and 
y=a'ar+y,arey=-|=|',andy=^^=J^. (No. 247.) 

7. a/, y, being a given point, and y^^ax+h the equation of a given Ime for 

rectangular co-ordinates, the equation of a line making with that hue a 

given angled', is y^y=q=^^(x—y). (No. 248.) 

8. The equation of a line from the point a/, y, perpendicular to the line 

y=a3:+&, M being =90<>, isy— y=— l(aj— a/). (No. 248.) 

9. The equation of a line parallel toy= ax^-h, and passing through the point 

0^,37, w being =90V IS y-y=at«?—^). (No. 248.) 

10. The equation of a line through aif, y, parallel to the axis AB {fig, 83), is 

y_y-0 ; and that of one paraUel to CD is ar— a:'=0. (No. 248). 

11. The equation of a line passing through af, y, and making a given angle ^ 

withtheaxisAB,isy— y=taii/(aj— a/). (No. 249.) 

12. When w=90^, the length of a Ime jouiing the points afy y, and a/', y, is 

Vi(^--«'')>+(y-yr}. (No.25o5^ 

15. When «=90<>, the length of a perpendicular from the point af, y, to the 
liney=ax.ft,is^^;^. (No. 251.) 

Q 
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C=«", 0. Then (No. 251, note 4) the equation of AB is (t^— yO « 
^z(x — a')y» ^^ ^y contraction, yxf7=Lxy'\ whence «=—-: abo 

OG 

a/ 
(same note, 8) the equation of CF is yz=t -(«— a/')- In a similar 

V 

manner we should find the equation of BE to be i/ = — j— x^ Now, 

y 

(by No. 251, note 6) we find from these equations of BE and CF, that 
the abscissa of the point of intersection of these lines is r= x': and 
this being the abscissa of the point A, it follows that^ these perpendi- 
culars intersect one another in the remaining one AD. 

253. As a second example, let AD, BE, CF (fig. 44) be drawn 
from the angles, and bisecting the sides. Then, retaining the same 
notation, we have obviously the co-ordinates of D = Ja;", 0; of E = 
K^+^%W* a^^ o^ FszT^y, iy'; wheace (No. 251, note 4) we 
find the equation of AD to be y(a/—^a/')=z(x—^os")t/; of BE, 
y(a/+x")z=zxy'; and of CF, t((i^— y') = iy'(«^— ^'> Now by 
taking x and y in the first of these equal to x and y in the second, we 
readily find y=^y'; and x=i(x'+x"); and also, by treating the 
second and third equations in the same manner, we still find y^x^y'; 
and x:=^(x'+x'^y: whence it appears that tiaa three linea pass 
through th#same point, since the co-ordinates of the intersection of 
AD and BE are the same as those c^ the intersection of BE and CF, 
It is also obvious, since y= J^y, that DO=:^DA, O being the point 
of intersection ; and consequently the lines divide each other in the 
ratio of 1 : 2. 

254. As another example, let it be required to determtne whether 
the three perpendiculars drawn through D, E, and F, (fig, 45) the 
points of bisection of the sides BC, AC, and AB, pass through the 
same point. Here, retaining the same notation, we have (No. 251,. 
note 4) the equations of the .three sides BC, BA, and AC, y=0, 
oB'yzzixy', and y(x^ — ar") = (ai— ar'Oy'; 8»nd (same note, 8) from these 
equations, and from the co-ordinates of D, E, and F, we find the 
equations of the perpendiculars through D, F, and E, to be 

a;— i«"=0, 

(t^-W)y'=^—(»-i^)^' ^^ 

Then, by taking x the same in the first and seconci, and also i«i the first 
and third, and by taking y also the saj^Wr w^find the abscissas of the 
intersections of the perpendicular through D with those through 
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F and £, each equal to ^x", fuid ike ordinates of the same each 
equal to 

i^^-v^"^ "^^^ '' — W^' 

irhence it appears that the intersections ooiucide, or that ihe per- 
pendiculars aU pass through the same point. Let tlus point be O ; 
and, if we take the sum of the squares of BD (J«") and DO 



2t/ j.^efind 






Now, if the three sides be put =a, 6, c, we have 

«"=o, x'^ + f/^:=c\ and (a:"_a:')*+3('«=ft«, or 

a:"2— 2«'V+a?'2 + y'«=62, or 02—200/+ c^sn**. Hence, 

c^ — 2<»cV+aV^ + a'(c»— ar^2) _ c*— 2ocV+a«c' 
- 4y/2 - J^TF 

_ (c^— 2aa/+q2)c2 _ 6^0' 

J .1 T..X he* ahc b^ 

and consequently B0=^=^= j^, 

where A denotes the area of the triangle. This expression being 
alike related to the three sides, it is evident that the same would be 
found for the line drawn from to either of the other angles. 
Hence O is the centre of the circumscribed circle ; and it appears 
that the radius of that circle may be found bj dividing the continual 
product of the three sides by four times the area. 

255. The equation of a line referred to one system of co-ordinates 
being given, it is often of use to find its equation in relation to an- 
other system. To effect this, let y:=:ax + h {fig, 46) be the equa- 
tion of a line in relation to the axes OB, OC, x and y being the co- 
ordinates of any point P in the line, and the angle BOG being zzw ; 



• This agrees with what is found in the note to No. 144. 
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and let it be required to find its equation in relation to the axes 
(XB', (yC, which are so situated with respect to OB, OC, that OE'' 
being parallel to OC, OE"=a/ and W(y=:]/; and that O'S being 
paraUel to OB, the ^ngle B'O'S is =d, and C'O'Ssd'. Then, re- 
presenting O'E', and E'P, the co-ordinates of P in relation to the new 
axes, by X and Y, and drawing E'R parallel to OB, and E'Q to 00, 
we have EP or 

y=zES + SR + RP=E''0'+QE'+RP (p) 

and x=:OE''-|-0'Q-|-E'R (q) 

But 0'E"zzy', and OE"=y: and we have also in the triangles 
O'QE', E'RP, 

smO'QE' : suxQO'E' : : O'E' : QE', or sin« : sind : : X : QE'; 
sinO'QE' : sinO'E'Q : : O'E' : O'Q, or sinw : sin(«— tf) : : X : O'Q; 
sinE'RP : sinRE'P : : E'P : RP, or sinw : sind' : : Y : RP; 
smE'RP : smE'PR : : E'P : E'R, or sin« : sin(«— tf') : : Y : E'R. 

By means of these analogies we find the values of QE', O'Q, &c.: by 
substituting these again, along with the values of CKE" and OE", in 
(p) and (q), we obtain the values of y and x : and lastly, by substitu- 
ting these values of y and x in the equation. yz= ax -|- ft, we get, for 
the required equation, 

^ sinw sin« ^ ^ 

This general equation becomes simplified in particular cases. Thus, 
if w = 90°, the denominators disappear. If O' be in OB, t/'=0; if 
in OC, a/=0; and if O' and coincide, x' and y' are each equal 
to 0. Also, if either of the new axes coincide with the corresponding 
original one, or be parallel to it, we shall have the angled, or w — ^ 
= 0. 

256, If the co-ordinates be rectangular, and P (Jig, 41) a point 
whose co-ordinates are x and y, we have OP, or, (see note, page 
100) t7=V(a:2-|-y2); OE = OPcosPOE, or x = t?cos^; and, in 
like manner, yz^ivsmp. Hence, if the origin be taken as pole, the 
polar equation of the straight line whose equation to rectangular co- 
ordinates is y=:ax + b, will become © sin ^ = av cos p + h. In like 
manner, the equation of any line referred to rectangular co-ordinates, 
may be transformed to one for the same line for polar co-ordinates. 
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From the foregoing expressioosi since t?=V(jp* + y^), we get, also, 
cosf>= .. /, — TT, and sino— ,, J, — r-x » whence tanf»=-, 

cotp = -, kc,y expressions which are of us6 in finding the equation 

for rectangular co-ordinates from that for polar co-ordinates. 

257. If the pole and the origin of the co-ordinates be different 
points, let the co-ordinates of the pole be tx/ and \f\ and it would 
appear, in almost the same manner as in the last No., that 

a:=:i?cosp-|-ic', and 2/=;:«sin94-y'. 

258. If the fixed axis be oblique to the axis of the abscissas, making 
with it a giren angle ^, it is easy to see, that the expressions in the 
last two Nos. will still hold true, if p be changed into f> + ^. 
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NOTE. 



If any persons should prefer the common mode of defining sines, tangents, 
&c. as lines, instead of mere numbers or ratios, the foljlowing, from tlie former 
editions, naay be taken instead of Nos. 2, 6, and 7. 

**2. If a circle be described from the vertex of an angle as centre, the arc 
of it, intercepted between the lines forming the angle, is called the meagure of 
the angle ;% and the angle is said to be an angle of as many degrees, minutes, 
&c. as there are in the arc. 

''6. The straight line drawn from one extremity of an arc, perpendicular 
to the diameter, passing through the other extremity, is called the sine of that 
arc, or of the angle measured by it ; and the part of the diameter intercepted 
between the sine and the arc is caDed the versed sine of the arc or angle. 
Hence, the sine of an arc is half the chord of its double. 

"7. If a straight line touch a circle at one extremity of an arc, the part of 
it intercepted between the point of contact and the diameter passing through 
the other extremity, is called the tangent of the arc, or of the angle which it 
measures ; and the straight line drawn from the centre to the remote ex- 
tremity of the tangent, is called the secant of the arc or angle." 

With the same yiew, omit the second paragraph of No. 8 ; and in No. 9,. 
omit the multiplier r in rsin A, rcosA, &c, In No. 10, omit throughout the 
division by r, or, which comes to the same, take r=l. Instead of the first 
paragraph of No. 11, take the following : 

"Putting the arc AF=A, and the radius =1, we have, from the similarity 

ofthetriangles,CGF,CAH,andCDK,r.co8A:l : : 1 :secA;2^ sinA : 1 :: 

cosecA; 3°, cos A : sin A : : 1 : tan A; 4°, sinA : cos A : : 1 : cot A; 5®, 

tan A : 1 : : 1 : cotA; &c." Then, formulas 6, 7, and 8, will follow at once 

from Euc. I. 47. 

In No. 13, the expression " the line to which it is proportional,*' which 
occurs twice, may be omitted : and in No. 16, let NO and AO, without divi- 
sion by the radius, ))e taken as the sine and cosine of the angle BAN. 

The commencing lines of Nos. 19 and 20 may be changed into the fol- 
lowing : 

19. "Let ABC {fig. 7) be a triangle rightangled at C ; from B as centre, 
with any radius, describe the arc DE, and draw its sine DF. Then (Euc. 
VI.4)AB:AC : : DB :DF,andAB : BC : : DB : BF;thatis, AB : AC ; : 
1 : sinB, and AB : BC : : 1 : cosB. Hence it appears, that," &c. 

20. "Draw also EG the tangent of B. Then, by similar triangles, 
BC : CA : : BE : EG, and BC : BA : : BE ; BG, that is," &c. 

A few other changes of a similar kind may be necessary, but none of them 
will present any difficulty. 

In Spherical Trigonometry, the change from the common method has not 
been made, as it would be attended with little advantage ; but should the 
student wish to make it, he will find no' difficulty in doing so. 



THE END. 
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